Google 



This is a digital copy of a book that was prcscrvod for gcncrations on library shclvcs bcforc it was carcfully scannod by Google as pari of a projcct 

to make the world's books discoverablc online. 

It has survived long enough for the Copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to Copyright or whose legal Copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, cultuie and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this flle - a reminder of this book's long journcy from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken Steps to 
prcvcnt abuse by commercial parties, including placing lechnical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use ofthefiles We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's System: If you are conducting research on machinc 
translation, optical character recognition or other areas where access to a laige amount of text is helpful, please contact us. We encouragc the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each flle is essential for informingpcoplcabout this projcct and hclping them lind 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are lesponsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in Copyright varies from country to country, and we can'l offer guidance on whether any speciflc use of 
any speciflc book is allowed. Please do not assume that a book's appearance in Google Book Search mcans it can bc used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

Äbout Google Book Search 

Google's mission is to organizc the world's Information and to make it univcrsally accessible and uscful. Google Book Search hclps rcadcrs 
discover the world's books while hclping authors and publishers rcach ncw audicnccs. You can search through the füll icxi of ihis book on the web 

at |http: //books. google .com/l 



// 



\;>. 



THE 



ELEMENTS OF ALGEBRA: 



' 1 D£S1GN£D 



FOR THE USE OF STÜDENTS 



IN THE 



ÜNIVERSETY 



BY JAMES WOOD, B. D. 

I 

FELIX>W OF ST. JOIIN'S COLLFXiE, CAUBRIDGE« 



SIXTH EDITION. 

-r ■". ' ■ '■ ■ ■ ■ - 



CAMBRIDGE: 

Printed 6y t/, Smith, Printer to the University ; 

AND SOLD BY J. D£tf}UTON, AND J. NICHOLSON, CAMBRIDGE ; 
AND W.^V. WNN, SOHO-SQUARE,* LONDON- 

':■■»:• ■"■"* ______ 

- ' '"4815. 



>v»**» 



■UV. 






\i. i 



► . - 



CONTENTS. 



V 

v^ PAGE 

t/N Vulgär FraCtions - - - - - • I 

On Decimal Fractions - - - - - - 16 

Signs used in Algebra - - - * - - 24 
The Addiiiort of Algebraical Quantities « * ^29 
SuhtraClion - - - . - - - 92 

Multiplication -------33 

Division - • - - - • -- 38 
On Algebraical Fractions - - - - - 4-2 

Involution and Evolution - - - - - 51 

Simple Equaiions -------64 

^tuudratic Equatiom - - - - - - 79 

On Ratlos -- .91 

On Proportion -- - - - - - 95 

On Variation - - - "" • -103 

On Arithtnetical Progression - - — - - 1 09 
On Geometrical Progression - - - - -111 

On Permutations and Combinations - - - - 115 

The Binomial Theorem - - - - - - 117 

OnSurds --------123 

The Nature qf Equaiions - - - - - 135 

The Transformation qf Equations - - - - 142 

The Limits ofthe Ro^ qfEquations - - - 151 

The Depression of Equaiions - - - - - l64 

TheSolutionofRecurting Equatiom - - - 168 

T%e Solution of a Cubic Equatian - - .- - 170 
Des Cartes*s Solution qfa Biquadratic - - - 174 
Dr. Warin^s Solution - - - - • ijß 

The Method cf Divisors - - - - ^178 

Ihe Method of Approximation - -^ - . 181 

The Reversion qf Series ----- 137 

The Sujmri^ Üi€ Fw)er$ afthc Roots ofan Equation - 190 



Ou 



« 



CONTENTS. 

On the Impossibk Boois qfan Equation • % • 194 

On Unlmited ProbUm - 203 

On Coniinued FracHons - . . ^ . • 209 
T%e Vahte qfa Fraction tohose Numerator and Denominatw 

areevanesceni - - - -'^.- -213 

The least cormnon Multiple - - - ^ • - 214 

Tfie cube raot qf a+^/- b* ------ 217 

On Logaritkms ------- ibid. 

Oä haerest and Anntdiies • . - - - - 220 

On the Summation of Serüs - -' - - - 227 

0» CÄanc« ^59 

On Life Annuiiies -------' 272 

On the Natu» e qf Curves - - - - . - - 276 

On the fionstruction qfEguations . . • . 292 

General Properties qf Curve Lines . - - - 298 



\ 



'(' 



INTRODÜCnON. 



INTRODÜCTION. 



ON VULGÄR FRACTIONS. 

Article 1. XJraction is a quantity which repre- 
sente a part or parts of an integer or whole. 

(2.) A Kimple fraction consists of two members, the 

mimerator and the denominator ; the denominator 

shews into how many equal parts the whole, or unity, 

is divided ; and the numerator/ the number of those 

parts taken. The numerator is usua]ly placed over 

the denominator with a line between them. Thus, 

2 ... 

- , two thirds^ signifies that ünity is divided into three 

equal parts, and that two of those parts are taken. 

It must be observed, that we suppose every integer 
to be divisible into any number of equal parts at 
pleasure. 

(3.) A proper Jraction is one whote numerator is 

7 
les9 than it's denominator, as ^ • 

(4.) An improper fraction is one whose numerator 

6 7 
is equal to, or greater than it's denomins^tor, ^"^ ß ' 5 ' 

A (5.) A 






2 ON VULGÄR FRACTIONS. 

(5.) A Compound fraction is a fraction of a fraction, 

as - of s , where ^ is the whole quantity of which - 
4 o o '^ 

is to be taken ; also, - of - of — , is a Compound 

fraction; &c. 

(6.) A quantity consisting of a whole number and 

3 
a fraction is called a mixed number . as 7 ~ > which 

signifies 7 integers together with — of an integer. 

(7.) Cor. 1. Every integer m^y be considered as 
a fraction whose denominator is 1 ; thus 5, or five 

Units, is - . 
1 

(8.) Cor. 2. To multiply a fraction hy anynumher^ 

multiply the numerator by that number and retain 

■ , 2 

the same denominator. Thus, -7 multiplied by 7 is 

14 . . . . 2 

rr • Fo^i the unit, in each of, the fractiohs -- and 

15 15 

— , is divided into 15 equal parts^ and 7 times as 
15 

many of those parts are taken in the latter case as in 

the former. 

(9.) Cor. 3. To divide a fraction by any number^ 

multiply the denominator by that number and retain 

the same numerator. Thus, - divided by 4 is ~ . 

5 -^ . 20 

For, the unit bei ng divided into four times as many 

. 3 ... 3 
equal parts in — as it is in - , each of the parts in the 

latter case is four times as great as in the former, and 

the 
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OK VULGÄR FRACTION8. 3 

the same number of parts is taken in both cases; 
therefore the former fraction is one fourth of the latter. 

(10.) A simple fraction may be considered as repre- 

senting the quotient arising from the division of the 

3 
numerator by the denominator; thus the fraction - 

represents the quotient of 3 divided by 4 ; for 3 is -^ 

3 
(Art. 7), and this divided by 4 is the. fraction - 

(Art. 9). If the integer be supposed a pound, or 

3 * 

twenty Shillings, - of £.1, which is 15 Shillings, is 

equal to - of i^.3, which is also 15 Shillings. 

(l 1 .) If the numerator and denominator of a fraction 
be both multiplied by the same number, it's value is 
not altered. For, if the numerator be multiplied by 
any number, the fraction is multiplied by that num- 
ber (Art. 8) ; and if the denominator be multiplied 
by the same number, the fraction is divided by it 
(Art. 9) ; and if a quantity be both multiplied and 
divided by the same number, it's value is not altered. 

Thus, 7-7 = — = 9 &c. Hence, if the numerator 

Vl4 42 420 

and denominator be both divided by the same num- 
ber, it's value is not altered ; since = — = ~- *, 

^ 420 42 14 



* To avoid repetition, the Reader is referred to the first section 
of the Algebra« for the explanation of the sigos +»^i*-/ x^ 
and =. 

a2 O^ 



4 ON VULGÄR FRACnONS« 

ON REDUCTION. 

The Operation by which a quantity is changed iront 
one denomination to another^ without altering it's 
value^ is called Reduction. 

(12.) To reduce a whole number to a fraction 
witk a given denominator. 

Multiply \he proposed number by the given de- 
nominator, and the produet ^ill be the numerator of 
the fraction required. 

Ex. Reduce 5 to a fraction who'Be denominator is 6. 

This is A or ^ ; because 5 may be considered 

5 
as a fraction - (Art. 7)i the numerator and denomi- 
nator of which are multiplied by 6, therefore it's 
value is not altered. (Art. 11). 

(13.) To reduce a mixed number to an improper 
fraction. 

Multiply the integral by the denominator of the 
fractional part^ to this produet add the numerator of 
the fractional part^ and make if s denominator the 
denomins^tor of the sum. 

Ex. 1. Reduce 7 - to an improper fraction. 

^, . 4 . , 35-t-4 30 ^ ^ 

The quantity 7 - is equal to — - — = ^"5 *^'' 7 

(by the last Art.) is equal to '— , and if to this - be 

3Q 

added^ the whole is — . 



9 253 + 9 262 
Ex. 2./ Also, 23 f^ = ■ ^^ ' = — 



(14.) To 
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fl4.) 2b reduce an improper Jraction to a mixed 
number» 

Divide the numerator by the denominator for the 

integral part, and make tbe remainder the numerator 

of the fractional part, and the divisor it's denominator. 

3Q 
Ex. Reduce -— to an improper fraction. The 

. 39 4 ' . 

fraction — = 7 - ; because the unit bein^ divided 

into 5 parts, 39 such parts are to be taken, that is, 
7 Units and 4 such parts. 

(15.) To reduce a Compound fraction to a simple 
one, 'i^. 

M\iltiply all the numerators together for a new 
numerator, and all the denominators for a new 
denominator. 

Ex. 1. :: of 7 = — ; for. one third of - is —- , 
3 5 15 ^ 5 16 ^ 

(Art. 9) ; therefore two thirds, which must be twice 
as great, is — (Art. 8). 

Ex. 3. - of 5 = - of - = — . 
4,414 

' Mixed numbers must be reduced to improper frac- 
tions^ before the rule can be applied. 

Ex. 3. - of - of 3 — = z- of 3 — 5=-SBl*f — 
_ 370 

(16.) To reduce a Jraction to Iower terms. > 
Wbenever the numerator and denominator of a 
fraction have a common measure (or number which 
divides each of them without remainder) greater than 
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unity, the fraction may be reduced to lower terms^ by 
dividing both the numeratdr and denominator by this 
common measure. 

Ex. , — is reduced to — , by dividing both the 
120 24' "^ ^ 

21 

numerator and denominator by 5 ; and — is again 

7 ? . . 

reduced to ^ ^ by dividing it's numerator and denomi- 

o 

nator by 3. That the value of the fraction is not 

altered, appears from Art. 11. 

T xu .^ 1 68 84 28 4 

In the sanft manner. = - — = — = r • 

' 210 105 35 ö 

(17-) The greatest common measure ofttvo rmm- 
hers isfound by dividing the greater hy the less, and 
the preceding divisor hy the remainder, continualh/y 
tili nothing is left : the last divisor is the greatest 
common measure required. 

To find the greatest common measure of 1 89 and 

224. 

189)224(1 

189 



35)189(5 
175 



14)35(2 
28 



7)14(2 
14 



# 



By proceeding according to the rule, it appears that 7 



is 
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is the last divisor, or the greatest common measure 
sought. The proof of this rule will be given hereafter*. 

(18.) Afraction is reduced to ifs lowest terms j hy 
dividing ifs numerator and denominator hy their 
greatest common measure. 

385 
Ex. To reduce —-77 to it's lowest terms. 

396 

By the last Art. the greatest common measure of 

the numerator and denominator is found to be 1 1, and 

therefore -^ is the fraction in it*s lowest terms. 

Cor. If unity be the greatest common measure of 
the numerator and denominator, the fraction is in it's 
lowest terms. 

(19.) To reduce fractions to a common denominator. 

Having reduced, if necessary, Compound fractions to 

simple ones, and mixed numbers to improper fractions, 

multiply each numerator by all the denominators 

except it's own, for the new numerator, and all the 

denominators together for a common denominator. 

12 3 

Ex.*l. Reduce -, - and - to a common -de- 

2 3 4 

nominator. 

1x3x4 2x2x4 ,3x2x3 12 I6 ,18 
ajQ^ ■■ , or — , — ^ anci — • 

2x3x4' 2x3x4'^ 2x3x4' 24*24 24 
are the fractions required. These fractions are re- 
spectively equal tö the former, the numerator and de- 
nominator in each case, having been multiplied by the 
same numbers, namely, the denominators of the rest. 

1x3x4 1 2x2x4 2 ,3x2x3 3 

■ SS - ; ■- SS - ; and — — = - , 

2x3x4 2'2x3x4 3 2x3x4 4 

Ex. 2. 

— ' ■ ' ' ' ■ " ■ >i 

* Art. 90. 
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2 3 • l 

Ex. 2. I^educe ^ of - and 4 - to a common 
denomin^tor. 

These are -— and rr j or -— and y- ; therefore 

20 3 ' 10 3 

-^ and -^ are the fractions required. 
30 30 ^ 

(20.) If the denominator of one cf twoßrctctwn^ 
contain the denominator qfthe other a certain number 
of tlmes exactly^ muUiply the numerator and denomi- 
nator of the latter hy that number , and it tvill be 
reduced to thi same denominator with the former. 

Ex; Reduce — and - to a common denomiaator« 

Since 12 contains 3 four times exactly, multiply 

both the numerator, ^nd denominator of -i hy 4, and 

8 
it becomes — , a fraction having the same denomir 

12 

nator witb — . 

1 2 

(21 .) Cor. By reducing two fractions to a common 
denominator their values may be compared. 

4 7 

Thus, - and ~ when reduced to a common deno- 
minator are •— and -^ ; that is, the fractions have 

o4 84 

the same relative values that 48 and 49 have. 

(22.) Tofind the value of a fraction of a proposed 
denomination, in tefms of a lower denomination. 

Multiply 
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Multiply the fractioti by the number of integers of 
the lower denomination contained in one integer of 
the higher, and the product is the value reqüired, 
The vatue of any fractional part of thp lower denomi- 
nation may be obtained in the same manner, tili we 
come to the lowest, 

5 
Ex. 1 . What is the value of - of a pound ? 

5 5 '5 20 . . 

First, - of^. 1 is- qf 30 Shillings, or- of-T-shilhngs 
7 7 ° 7 1 

100 ü , .... 

?= r— = 14- shilhngs ; 

2 2 12 24 

Next, - of a Shilling = - of — pence = — pence = 

3 - pence ; 

3 3 .34 

Lastly, - of a penny = - of 4 f^rthings = - of - , or 

asr fiirthings = 1 z ferthings : hence, - of a pound is 

#. <«• «• 5 
14 : 3 : 1 -. 
7 

The Operation is usually performed in the foUowing 
pianner ; 



<£.5. 
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£.5 
20 






)100 




/ 


14- 


- 2S. 
12 




7)34 






3 -. 


■3d. 
4" 




n 


12 



1 --5q. 



tU 



Ans. 14 : 3 : 1 - 



Ex. 2. What IS the value of - of a crovra > 

9 
bC 



9)25 

2 - - 7*. 
12 



9)84 



9--3d. 
4 

9)12 

l-~3f. 



*. 



Ans. 2:9: f-. 



(23.) To 



ON VULGÄR FRACTIONS. 11 

(23.) To reduce a quantity to a Jraction of any 
denomination, 

Make the given quantity the numerator, and the 
number of integers of it's denomination in one of the 
proposed denomination^ the denominator^ and the 
fraction required is determined. 



d. 



Ex. 1 . What fraction of a pound is 12:7-3? 

#• dt 9* 9* ' 9* 

12 : 7 5 3 = 607^ and one pound = 900; therefore 
-^ is the fraction sought. Because the integer being 



*. d. 



divided into 960 equal parts^ 12:7:3 contains 607 
such parts. 

(24.) In this example^ we are obliged to reduce the 
whole to farthings ; and in general, if the higher de- 
nomination donot contain the lower an exact number 
of times, reduce them to a common denomination^ 
and proceed as before. 

Ex. 2. What fraction of a guinea is half a crown^ 

Here sixpence is the greatest common denomina- 
tion, of which a guinea contains 42, and half a crown 

ö . 
5. therefore — is the fraction required. 
' 42 ^ 

, Any common denomination would answer the pur- 
pose, but if the greatest be taken, the resulting fraction 
is in the lowest terms. 

(25.) To redtu^e a Jractiim to any denomination. 

Find what fraction of the proposed denominar 
tion an integer of the denomination of the given 
fraction is, and the fraction required will be found by 
Art. 15. 

Ex. L. 
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Ex. 1. What fraction of a pound is - of a Shilling ?. 

... 1 2 

1 Shilling is ~ of a pound^ therefore - of 1 Shilling 
18 - of ~ of a pound, ^^ J^= ^ of a pound. 
Ex. 2. Wbat fraction of a yard is - of an inch ? 

^ . 7 

1 inch is — « of a yard, therefore - of an inch is - 

1 5 

of ^ of a yard, or -^ of a yard. 

Ex. 3. What fraction of a guinea is - of a pound? 

20 A- 

l pound is ~ of a guinea (Art. 24) ; hence, 5 ^^* 

j . 4 ^20 ^ . 80 ^ 

pound IS Q Ol — of a guinea, or -— of a guinea, 



ADDITION OF FRACTIONS. 

(26.) If fractions have a common denominator, 
their sum is found hy tahing the sum of the num^ra^ 
torsy and suhjoining the common denominatof. 

12 3 
Ex. r + 7 =7- For, if an integer be divided into 

five equal parts, one of those parts, together with two 
parts of the same kind, must make three such parts. 

(27O If the fractions have not a common denomi- 
nator, reduce them to a common denominator, and 
proceed as before. 

Ex. 
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2 3 ,4 



- Ex. Required the sum of - , - and -. 

3 4 5 



40 



These reduced to a common denominator are rr- • 

45 , 48 , . 133 13 

-7— and ^-r, whose sum is '-^-' , or 2 tt- . 
' 60 60 60 60 

When mixed numbers are to be added, to the sum 
of the fractions, taken as before, add the sum of the 
integers. 

Ex. Add together 5 - , 6 - and - of - . 

^ 4^ 3 ö 7 

31.^^325140 24 ^ 479 - 1 ^9 . 

4 3 35 420 420 420 420 *" 420 * 

therefore the whote sum is 1 2 ~^ • 

420 



SUBTRACTION. 

(28.) The difference of twojractions which have a 
common denominator isfound hy taking the difference 
of their nwnerators and suhjoining the common de- 
Tiominator, 

4 31 

Ex. - — - = r . For, if the unit be supposed to be 

5 5 5 

divided into five equal parts^ and three of those parts 

be taken from four^ the remainder must be one. or ^ • 

5 

(29.) If the fractions have not a common denomina- 
tor, let them be reduced to a common denominator, 

and take the diflference as before. 

Ex. 
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4 



Ex, !• From -^ take - . 

11 . 5 

J^_4_4544_J^ 
11 5 "" 55 55 ~ 55* 

Ex. 2. From ü of ^ take \ of ^. 

12 ö 3 8 

33 7 _ 792 420 372 _ 31 
60 ■" 24 "* 1440 "" 1440 ** 1440 "" 120 



MULTIPLICATION. 

(30.) Def. To multiply oneßraeticm hy another, is 
to take such pari or parts of the former a$ the latter 
expresses. This is done hy multiplying the numerators 
of the two fractions together for a new numerator, 
and the dhiominators Jbr a new denominator. 

Ex. - X t = ^-r ; for -: multiplied by z is. accord- 
4 7 28 4 ."^7 

5 3 15 
ing to the definitioh of multiplicätion, - of - or --, 

7 4 28 

(Art. 15.) 

Compound fractions must be reduced to simple 

ones^ and mixed numbers to improper fractions^ and 

they may then be multiplied as before, 

Ex. 1. Multiply|of^by7g. 

— of — Ä^ ; and 7 - = «^ ; therefore their product 
ö 13 o5 8 8 

•li 57 1026 506 _ 253 

" 65 ^ 8 ~ 520 "* 520 ~ 26o ' 

Ex. 2. 



r 
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Ex- 2. Multiply — by 7-, 

2 _ 2x7 _^ 

217 ^ " 217 ""31* 

Hence it appears^ that a fraction may be multiplied 
by a whole number, by dividing the denominator by 
that number^ when this division can take place. 

DIVISION. 

(31.) To divide one fraction hy another, or, to de^ 
termine how qften one is contained in the other^ invert 
the numerator and denominator of the divisor, and 
proceed as in multiplication. 

■ 

Ex. - divided by-is- x -= — = 1 — . 
4 -^ 7 4 5 20 20 

For, from the nature of division^ the dJvisor mul- 
tiplied by the quotient must produce the dividend ; 

5.3 
therefore - x quotient = - ; let these equal quantities 

7 
be multiplied by the same quantity -, and the pro- 

o 

7 5 3 7 

ducts must be equal ; that is, - x - x quotient = - x i 

- 5 7 4 5 

35 . 21 35 

er ~ X quotient = — ; but — =1 (Art, 14) ; there- 

21 

fore the quotient = — accordins: to the rule. And the 

same method of proof is applicable to all cases. 

Compound fractions must be reduced to simple 
ones, and mixed numbers to improper fractions, before 
the rule can be applied. 

Ex. 



7 ■. ■- ' ■■■ 
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Ex. Divide - of - by 3 - . . 

~ of - = TT-, and 3 - = tr ; therefore the quotient 
9 7 o3' 3 3 * ^ 

.20 3 6o 2 



IS TTT X 



63 10 630 21 



ON DECIMAL FRACTIONS, 

(32.) In Order to lessen the trouble which in many 
cases attends the use of vulgär fractions, decimal frac- 
tions have been introdueed, virhich diÄer from the for- 
mer in this respect, that their denominators are alwaya 
10 or some power of 10, as 100, 1000, 10000, &c. 
and instead of writing the denominator under the nu- 
merator, it is expressed by pointing ofF, from the right 
of the numerator, as many figures as there are cyphers 
in the denominator; thus, .2, .23, .127, .O013, 43.7, 

2 23 1 27 13 T 

signify respectively -, — , j^, ^3335, 43 - or 
437 

10' 

(33.) Cor. 1 . The value of eaeh figure in a decimal, 
decreases from the left to the right in a tenfold pro- 
portion ; that is, each figure is ten times as great as if 
it were removed one place to the right, as in whole 

2 2 2 

numWs ; thus .2, .02, .002, are ~, j^ ^555' ^*^* 

and the decimal .127 is °^'^ tenth, two hundredths and 
seven thoasandths of an unit. 

(34.) Cor. 
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(34.) Cor. 2. Adding cyphers to the right of a 
dedmal does not alter it*s value ; thus, .2, .20, .200, 

or ---, --— r, are equal to each other, the 

10^ 100^ 1000 ^ 

numerator and denominator having been multiplied 

by the same number. (See Art. 11.) 

(35.) Cor. 3. Decimals may be reduced to a com- 
mon denominator by adding cyphers to tl)e right, 
where it is necessary, tili the number of decimal 
places is the same in all. 

Ex, .5, .01 and .311 reduced to a Common de- 

, 500 

nommator, are .500, .010 and .311 ; that is, ■ , 

IG , 311 
- and 



1000 1000 



As decimals are only fractions of a particular de- 
scription, their Operations must depend upon the 
principles already laid down. 



ADDITION OF DECIMALS. 

^ (36.) Tofind the sum o/* any number of dedmab, 
place the^figures in swk a manner that those of the 
same denomincUion mm/ stand under each other ; add 
them together as in whole numbers, and pUwe the 
decimal point in the sum under the other points. 

-Ex. Add together 7.9, 61.43 and .0118. 

These, when reduced to a common denominator, 

are 

B 



* 
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are 7*9000, 51;4300 and .0118; and proceeding 
gcoording to the rule, 
7.9000 
6 1 .4300 
.0118 



59.34 18 is thesum required. (Art. 26.) 

In the Operation, the cyphers may be omitted; 
thus, 

^ 7-9 

51.43 

.0118 



59.3418 



SUBTRACTION. 

(37.) Tojind the difference oftwo dednudsy place 
the Jigures of the same denomination under eack 
other ; then subtract as in whole numbers, and place 
the decimal point under the other points^ 

From 61.3 take 42.012- 

ThcM, reduced to a comiBoa denominator^ are 
61.300 and 42.012; tbertÜNre their difference ia 
19.288 (Art. 28). In the c|iQration^ the cyphers 
may be omitted ; thus, 

61.3 

42.012 

19.288 

MÜLTI- 
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MULTIPLICATION. 

(38.) 7b multiply one decimcd hy anpther, multiply 
the figares as in whole numbers^ and point off* as 
many decimal places in the .product as there are in 
the nmltiplier and the multipücand together. 

Ex. 51.3X4.6;= 235.98. For; ^-Hx 1^^ = ^^-^ 

^ ' 10 10 100 

= (according to the decimal notation) 235.98. And 

a similar proof may be given in all other cases. 

(39.) When there are fewer figures in the product 
than there are decimals in the multiplier and multi- 
plicand together, cyphers must be annexed to the 
left of the product, that the decimal places may be 
properly represented. 

^ ^ 36 3 75 

Ex. .25 X .3 = .075 ; for —- x — = ' 



100 10 1000 

(acoording to the decimal notation) .075. 

DIVISION. 

(40.) Division in decimals is perßyrmed as in 
whole numhers, observing to point off* as many deci- 
nuds in the quotient as the number qf decimal places 
m the dividend exceeds the number in the dii/isor. 

Ex. Divide 77.933 by 3.7. • 

77 Q33 

"^-^ — s: 31.06: here there are three decimals in 
3.7 

' .the dividend, and one in the divisor ; therefore, there 

are two in the quotient. 

The truth of this rule is apparent from the nature 

rf multiplication ; for, the product of the divisor and 

B 2 CjfXOVAfeWV 
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quotient is the dividend ; there are, therefore, as many 
places of decimals in the dividend, as tlierö are in 
the divisor and quotient together (Art. 38) ; conse- 
quently, there are as many in the quotienf as the 
number in the dividend exceeds tlie number in the 
divisor. 

(41.) If figures be wanting to make up the proper 
number of decimal places, cyphers must be added to 
the lejt. 

% Ex. Divide .336 by 42. 

33g 

= 8 ; and as the quotient of .336 divided by 42 

must contain three decimal places, that quotient \% 

.008. For, t divided bV 42 is , or 

' 1000 ^ 42000 lOOO 

(Art. 9) ; that is (according to the decimal notatioh) 
.008 (Art. 32). 

(42.) When the dividend does not contain as many 
decimals äs the divisor, cyphers must be added to 
the right of the decimals in the dividend, tili that is 
the case. 

Ex. Divide 36 by .012. 

36=36.000 ; and 36.000 divided by .012 is 3000, 
according to the rule. 

REDUCTION. 

(43.) To reduce a vulgär fraction to a decimaL 

Add cyphers at pleasure, as decimals, in the nume- 
rator, and divide by the denominator according to 
the rule for the division of decimals. The truth of 
this rule is evident from Art. 10. 

Ex. 1.. 
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Ex. 1. - ^~- = .75. 

4 4 

w^ 7 7.000 

Ex. 2. I = !__ = , 875. 

^ ^ 4 4.0000 ^ 

Ex- 3. ^— = -^^ = .0064. 

62b 625 

^ . 1 1 .000 &c. ^ „ ^ . 
Ex. 4. - = = .333 &c. 

ö O 

« , 4 4.0000 &C. . 

Ex. 5. — = — = .1212 &c. 

33 33 

(44.) In some cases, as in th.e two last ,'ex- 
amples, the vulgär fraction cannot exactiy be made 
up of tenthd, hundredths, &c. but the decimal will 
go on without ever Coming to an end, the same 
figure or figures recumng in the same order ; but 
though we cannot represent the exact value of the 
vulgär fraction, yet, by increasing the number of 

decimal places, we may approach to it as near as we 

#1 1 . 

please. Thus, - = .1111 &c. now .1, or---, is le^s 

than the true value by — ; .1 1, or •--— , is too little 

•^90 100 

by — - ; &c. 

Decimals of this kind are called recurringj or 
drculating decimals. 

(45.) To ßnd the value .of a decimal of öne 
denomination in terms of a lower denomination. 

This may be done by the rule laid dpwn in 
Art. 22. 



Ex. 
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Ex. Required the value of .6l&625£. 

.6l5625£. 
20 



12.3 12500 Shillings 
12 



3.7500 pence 

4 



3.00 farthings 



9. d« 9« 

The value required is 12:3:3. 

First, .6 1 b62b£. = 12.3125 Shillings. 

Next, .3125^. = 3.75 pence. 

Lastly, .75^. =3 farthings. 

(46.) To reduce a quanfity to a dedmal of-a 
superior defiomination. 

Divide the quantity by the number of integers of 

it*s denomination contained in one of the superior de- 

Bomination, and the quotient is the decimal required. 

Ex. 1 • What decimal of a Shilling is three-pence ? 

12)3.00 

.25 Answ. 



For, in the denomination Shillings, it's numerical 
value must be 7— of it's value in the denomination 

i 2 

pence, 

Ex. 2. What decimal of a pound is 13 : 4 : 3 .> 

4) 3.00 

12) 4.75 



20)13.3958333 &c. 
.669791^6 &c. 



First, 
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First, we find what decimal of a penny 3 is ; this, 
by the rule, is .70 ; then, what decimal of a Shilling 

4 : 3 or 4.75^. is ; this is found m the same manner 
to be .3958333 &c. lastly, we find, by the same 
rule, what decimal of a pound 13.3956333 &c. sh. 
is ; which appears to be .66979 1 66 &c. 

The conclusion will be the same if we reduce the 
quäntity to a v.ulgar fraction (Art. 23), and this 
fraction to a decimal (Art. 43). 

The proofs of the rules for the management of - ;r 
vulgär and decimal fractions, here given, are ne^es* 
sarily confined to particular instanoes, but the ßame ' 
reasoning may be applied in every case ; and by usins; 
general signs, the poofs may be m^aule gteneral. 



^ 
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ELEMENTS OF ALGEBRA, 



PART I. 



DEFINraONS AND EXPLANATION OF SIGNS. 

(47.) JL he method of representing the relation of 
abstract quantities by letters and cbaracters, which 
are made the signs of such quantities and their 
relations, is calied Algebra. 

Known or determined quantities are usually repre- 
sented by the first lettei^ of the aiphabet, a, J, c, rf, 
&c. and unknown or undetermined quantities, by 
the last, y, x^ w, &c. 

. The following signs are made use of to express 
the relations which the quantities bear to each other. 

(48.) + PltiSy signifies that the quantity to which 
it is prefixed must be added. Thus, a -f J signifies 
4Jiat the quantity represented by b is to be added to 
the quantity represented by a ; \{ a represent 5, and 
6, 7, then a -r b represents 12. 

If no sign be placed before a quantity^ the sign + 
is understood. Thus, a signifies + a. Such quan- 
tities are calied positive quantities. 

(49.) — Minus, signifies that the quantity to which 

it 
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it is jjprefixed must be subtracted. Thus, ^^^b sig- 
nifies that b must be taken from a; if a be 7, and 
h, 5, a~ 6 expresses 7 dirhinished by 5, or, 2. 

Quantities to which the sign — is prefixed are 
called negative quantities. 

(50.) X IntOj signifies that the quantities between 
which it Stands are to be multiplied together. .^Xhns, 
axb signifies liuit the quantity represented by a is to 
be multiplied by the quantity represented by b *. 

This sign is frequently omitted; thus abc signifies 
ax bxc. Or a fuU point is used instead of it ; thus 
1x2x3^ and 1.2.3, signify the same thing. 

(51.) If in multiplication the same quantity be 
repeated any number of times^ the produet is usually 
expressed by placing, above the quantity, the number 
which represents how often it i^ repeated ; thus a, 
axa, axaxa, axaxaxa, and a', a% a^, a^y 
have respectively the same signißcation. These 
quantities are called powers; thus a^ is called the 
first power of a ; a% the second power, or square of 
« ; ä^y the third power, or cube of «, &c. 

Th6 numbers 1, 2, 3, &c. are called the indices of 
a ; or exponenfs of the powers of a. 

(52.) -f- Dividedbyy signifies that the former of 
tbe quantities between which it is placed is to be 
divided by the latter. Thus, a-i-fr signifies that the 
quantity a is to be divided by b. 

The division of one quantity by another is fre- 
quently represented by placing the dividend over the 

divisor 

* By quantities^ we understand such magnitudes as can be 
represented by numbers ; we may therefore whhout improprieiy 
speak of the Baultiplicatiou, diyision, &c. of quacvtiü^a h^ ^viVi 
bther. 
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expression.is called a fraction. Thus, ^ signifies a 

divided hy b; and a is the numerator, and b the 

denominator of the fraction ; also. — r^. — signifies 

that «3 6, and c added togiether, are to be divided by 
e^y, and g added toge^her; see Art 10. 

(53.) A'quantity in the denominator of a fraction 
is also expressed by placing it in the numeratorj and 
prefixing the negative sign to it's index; thus, a~*, 

«-% a-3, a-% signify — , ~, -, — respectively ; 

these are called the negative powers of a. 

(64.) The sign-^between two quantities signifies 
their difference. Thus, a-^ a?, is a - o? or i: - 0, 
according as a or o; is the greater ; and a'^x signifies 
the sum or difference of a and x. 

(55.) A line dniwn over several quantities signifies 
that they are to be takeji cpllectively, and it is called 

a vinculum. Thus, a-^b+cxd-e signifies that the 
quantity represented bya-6+cistobe multiplied by 
the quantity represented hy d-^e. Let a stand for 
6; 6, 5 ; Cy 4; d, 3; and e, 1 ; then a-^b^c is 6 — 5 

+ 4, or 5 ; and rf- e is 3 - 1, or 2; therefore a - b+c 
xd^e is 5 X 2 or 10. ab-^cdxab^cd or ab-^cd]^ 
signifies that the quantity represented by ab -cd is 
to be multiplied by itself. 

(56.) sc Equal tOj signifies that the quantities be- 
tween which it is placed are equal to each other ; thus^ 

ax - by 
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üx-^bys^cd + adf signifies that the quantity ax- bj/ 
is equal to the quantity cd+ad. 

(07.) The Square root of any proposed quantity is 
that quantity whose Square, or second power, gives 
the proposed quantity. The cube root^ is that quan- 
tity whose cube gives the proposed quantity, &c. 

The signs j^, er ^', ^y 4/* ^^* *^ ^^^ *^ 
express the Square, cube, biquadrate, &c. roots of the 
quantities before which they are placed. 

a^=a, 0^/^^a, l^föF^a, &c. 
These roots are also represented by the fractions 

-, -5 ^5 &c, placed a little above the quantities, 

to the right. Thus, a^, c^^ oi, o", represent the 
Square, cube, fourth and w** root of a, respectively ; 

o^, a^y oUy represent the square root of the fifth 
power, the cube root of the seventh power, the fifth 
root of the cube of a. 

(58.) If these roots cannot be exactly determined, 
the quantities are called irrational, or surds. 

(59.) Points are made use of to denote.proportion 
thus^ a \ h v. c i dy signifies that a bears the same 
Proportion to h that c bears to d. 

ißo.) The number prefixed to any quantity, and 
which shews how often it is to be taken, is called it*s 
coefficient* Thus, in the quantities 7 aXj 6by, Sdz^ 
7, .6 and 3 are called the coefficients of aXy by, and 
dzj respectively. ' - 

When no number is prefixed, the quantity is to. be 
taken once, or the coefficient 1 is understood. 

These 
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These numbers are sometimes represented by 
letters, which are called coefficients. 

(61.) Similar, or like algebraical quantities, are 
such as difier only in their coefficients ; 4 a, 6ab^ 
9«*, 3a*bc, are respectively similar to 15 a, Sab, 
Wa*, 15 a^bc, &c. 

Vnlike quantities are diflerent combinations of 
letters; thus, ab^ a% ab\ abc, &c. are unlike. 

(62.) A quantity is said to be a multiple of another, 
when it contains it a certain number of times exactiy ; 
tlfus, 16a is a multiple of 4a, as it contains it exactiy 
four tiflies. 

(63.) A quantity is called a. measure oi another, 
when the former is contained in the latter a certain 
number of times exactiy ; thus, 4 a is a measure of 
l6a. 

(64.) When two numbers have no common mea- 
sure but unity, Ihey are said to be prime to each 
other. 

(65.) A simple algebraical quantity is one which 
consists of a Single term, as a^bc. 

ißQ.) A binomial is a quantity consisting of two 
terms, as a + &, or 2a— 3i:r. A trinomial is a quan- 
tity consistjng of three terms, as 2a + 6^+ 3c. 

The following examples will serve to illustrate the 
method of representing quantities algebraically. 

Leta = 8, Ä = 7^ Czi^&j rf=5 ande=l; then, 

3a— 26+ 4c -e = 24 — 14 + 24— 1=33. 

fli-t.ce— 6c/=ö6 + 6— 30 = 27. 

a + ft . 36-2c_ 8+7 21 -12 15 9 

F^^"*" a-rf 6-1"*" 8-6 ""ö"^3"'^' 

d*xa-c-3ce*+J^ = 25x2-18 + 125=öO-18 
+ 125 = 157. 

AXIOMS. 



I 
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AXIOMS. 

{67 •) If equal quantities be added to equal quan- 
tities, the sums will be equal. 

(68.) If equal quantities be taken from equsd. 
quantities^ the remainders will be equal. 

(69.) If equal quantities be multiplied by the 
same^ or equal quantities, the products will be equal. 

- (70.) If equal quantities be divided by the same, 
or equal quantities^ the quotients will be equal. 

(7 1 If the same quantity be added to and sub^ 
tracted from another, the value of the latter will not 
be altered. 

(72.) If a quantity be both multiplied and divided 
by another,, it's value will not be altered. 

ADDITION OF ALGEBRAICAL 
QUANTITIES. 

(73.) T^e addition of älgehraical quantities is 
performed hy connecting those that are unlike with 
their proper signsy and coUecting those that are 
similar into one sum. 

Ex. 1. Add together the foUowing unlike quan- 
tities ; 

ax 

+ e» 



Sum fla?-iy + c*-erf. 



Ex. 2* 
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Ex. 2. 
a+2Ä-c 



S\xm a + ^b-c + d-be+J'. 

It is immaterial in what order the quantities are set 

down, if we take care to prefix to each iVs proper sign. 

When any terms are similar, they may be inxx>r- 

porated^ and the general expression for the sum 

shortened. 

1". When similar qaantities have the same sign, 
their sum is found by taking the «lum of the coef- 
ficients with that sign, and annexjng the common 
letters. > 

Ex. 4. 
Ex. 3. Aä^c-^lObdö 

5a— 3Ä Ga^C'- Qbde 

4a- 76 lla^c— Sbde 

Sum 9a- 106 ' Sum 2l(fc-22bde 



The reason is evident; öa to be added, together 
with 4 a to be added, malces Qatohe added ; and 3 h 
to be subtracted, together with Jb tohe subti'acted, 
is 10 J to be subtracted. 

2'. If similar quantities have different signs^ their 
sum is found by taking the difference of the coef- 
ficients with the sign of the greater, and annexing the 
common letters as before. 

Ex. ö. 
7a+3& 
-50^-96 

Sum 2a— 66 

In 
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In the first part of t^e Operation we have ^ times a 
to addy and 5 times a to take away ; therefore upon 
the whole we have 2 a to add. In the latter part, we 
have 3 times h to add, and 9 times h to take away ; 
i. €. we have upon the whole 6 times h to take away ; 
and thu8 the sum of all the quantities is 2a^6b. 

Ex. 6. 

a + i 
a— 6 



Sum 2 a 



If several similar quantities are to be added to- 
gether, some with positiv^ and some with negative 
signs, take the diflferencc between the sum of the 
positive, and the sum of the negative coeflScicnts, 
prefix the sign of the greater sum, and annex the 
common letters. 

Ex. 7. 

3a^-\-4bc- c*+10 
-5a* + 6»c+ 2e^-15 
-4a*-9Jc-10e* + 21 



Sum -Ga^^ bc-- 9e* + i6 

I . 

The method of reasoning in this case is the same 
as in the last example. 

Ex. 8. 
4aC'^\Sbd+ ex 
llac-^ 7Ä* -19CX 
-41a* 4- 6bd^ 7 de 



i^-"— i»»— ■»•»■»^"^•— ••^^^^^^■■^^■■^^•'"«•^^^■^-^^^^""li»«»» 



Sum I5ac-4la* ^gbd+'fb'—lSex-Tde 

Ex. 9. 
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Ex, 9. 
öj? — Ja?* — J? 



In this example, the coefficients of x and it*s 
powers are united; p + a.a:® =|>a?* +ax^; also — 
q+b^x^^ -qx^-^bx^f because the negative sign 
afiects the whole qüantity under the vinculum ; and 

- r+ 1 .a:=s - ra?-T. . ' 

SÜBTRACTION. 

(74.) Subtraction, or the taking away qf one 
qüantity front another, is performed by changing the 
sign qf the qüantity to be subtracted, and then adding 
it to the other by the rules laid down in Art. 73. 

Ex. 1. 

From 2 bx take cy^ and the diflference is properly 
represented by übx-^-cy; because the — prefixed to 
cy, shews that it is to be subtracted from the other ; 
and 2bx-cy is the^ sum 6( 2bx and — cy, Art. 73. 

Ex. 2. 

Again, from 2bx take — cy, and the diiSerence is 
2bx + cyi because 2bx^2bx+cy''Cy Art. 71, take 
away — cy from these equal quantities^ and the dif- 
ferences will be equal ; i. c. the difference between 
2b X aüd - cy is 2bx+cy^ the qüantity which arises 
from adding + c^ to 2 bx^ 

Ex. 3. 
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Ex. 3. Ex. 4. 

From a + 6 From • 6a— 12& 

take a— & take --5a — 10& 



Difference * + 2b Diff. IIa- 2b 



Ex. 5^ 

From ba^+4ab--6xy 
take lla*+6a6 — 4xy 

Diff. -Ga^-^ab-^xy 



Ex. 6. 

From 4a-3 6 + 6c-ll 
take 10j?+ a— 15 — 2y 

DifF.-10x+3a-3ft + 4 +6c + 2y 

X 

Ex. 7. 

From aa?3 — 6a?+^ 
take ^ j?3 — q3^ + r j: 



Diff. a-jö.i?'-ft— 5.ar*+l — r.a? 
In this example the coefficients are united; 



a-^p .sfi is equal to aa^—pafii -b — q.x^ is equal 
to — Jä^+jo?*; and 1— r.x=iP— rx. 

. MULTIPLICATION. 

(75.) The multiplication of simple algebraical 
^piMdtities must be represented according to the 

Quotation pointed out Art. 50. 

c Thu8, 
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TThus, mxhf or aby represents tht pfoduct of a 
tnultiplied by &; abc^ tbe product of.the three 
quantities o, b and c. 

It is also indifFerent in what ofder they are placed, 
axb and bxa being equal. 

For, 1 X a=:ax 1, or 1 taken a times is the same 
with a taken once ; also, b taken a times, or b x a, is b 
times as great as 1 taken a times; and a taken b 
times; or a X i, is b times as great as a taken once ; 
therefore (Art; 69) bxa^a^b. Also, abc = cab== 
bca^^acb^ 8cc. for, as in the former case, l xaxb^ss 
axbx l ; and ex axbisc times as great as 1 x a x & ; 
also axbxc isC times as great as a x & x 1 ; therefore 
ax bx c = cxaxb (Art. 69) ; and a similar proof 
may be applied to the other cases. 

(76.) Tö determine the sign of the product, ob- 
serve the fotlowing rule : 

If the nmltiplier and multiplicand have the same 
sign^ the product is positive ; if they have different 
signSy itis negative. 

1". +a X +6= +a6 ;_ because in this case a is to 
be taken positively b times ; therefore the product ab 
must be positive. 

3*. -«X +&=-a6; because -a is to be taken 
intimes; that is, we must take — ai. 

3^ -f-ax — ft= — a6; for a quantity is said to be 
mültiplied by a negative number - b; if it be sub- 
tracted b times; and a subtracted^ times is — a&. 
This also appears irom Art. *IQ. Ex. 2. 

4*^. - a X — 6= +a6. Here — a is to be subtracted 
h tiines; that is, — a6 is to be subtracted; but sub* 
toäcting -Ai is the same as adding +a6 (Art. 74); 
therefore we have to add + 4f^h. 

The 
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The 3* and 4*'' cases raay be thus proved ; a-a^o, 
multijjy botli sides by b, and ab together with 

— a X 6 must be equal to & x o^ or nothing ; therefore 

— a multiplied by b must give ^ab,^ quantity which 
when added Xx> ah makes the sum nothing. 

Again, ä — a = o ; multiply both sides by — 6, then 
—ab together with - a x — 6 must be =o ; therefore 
— ax -Ä=: +ai. 

(770 If ^^ quantities to be mdltiplied have 
coefficients^ these must be multiplied together as in 
common arithmetic; the sign and the literal product 
being determined by the preceding rules. 

Thus, Saxbb^lbabi becauseS x ax 5 x 5 = 3x5 
xaxi = 15ai (Art. 7^) ; 4j?x - lly= — 44xy ; 

— 96x -5c=+46Äc; -6rfx 4»i= — 24mrf. 

(78.) The powers of the same quanjtity are mul- 
liplied b^ther by adding the indices ; thus, d^ x a^ 
=0^; foT aax aaa:=:aaaaa. In the same manner, 
^»^^j^^+n. g^jj(j -3aVx 5aj?y'= — löa^j:^*. 

(79*) If the multiplier or multiplicand consist of 
several terms, each term of the latter must be multi* 
plied by every term of the former, and the sum of all 
the products taken, for the whole product of the two 
quantities. 

Ex. 1. Mult a+b 
by c + rf 

Prod. ac-^bc+ad+bd 



Here a + i is to be added to itself c+d times, i. e. 
e times and d times. 
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Ex. 2. Mult a + 6 
by c-d 



Prod. ac + bc—ad-^ bd 



Here «-hfr is to be taken c— rf times; that is, 
c times wanting d times ; or c times positively and 
rf times negatively. 
Ex. 3. Mult. a + b Ex. 4. Mult. a+6 

by a+Ä by a — b 



a^ + ab 
+ ab + b* 


a*-i-ab 
-ab-V 


Prod. a' + 2a6+6' 


Prod. a' *-6* 


Ex. 5. Mult. Sä'-bbd 
by -5a*+46rf 


-SOi'rf» 


Prod. -15a* + 37a*irf- 


- 20i*<f» 


Ex.6. Mult. a»+2ai+J» 
by a*-2a6 + i» 





-2ä^b-4a^b^-2aiP 

+ a*Ä*+2oÄ3 + 6* 

Prod. o* * -üä'b* * +b* 

Ex. 7. Mült. l-j?+a?*-a;^ 
by 1 +x 



+ j? - jr* + ar^ - a?* 
Prod. 1 # * # -j?* 



^^»%, 
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Ex. 8. Mult. x^'-px+q 
hy X +a 



j^^px^ + qx 
-{-ax^-apx + aq 



Prod. a^-p-^a.x^ + q-^ap.x + aq 

Here the coefficients of x^ and x are coUected ; 
-P'^a.x^::^ -poi^ + ax^ ; and q-ap.x^qx-apx. 



SCHOLIUM. 

{so) The method of determining the sign of a pro- 
duct from the consideration of abstraet quantities, has 
been found fault with by some algebraical writers, 
who contend that -flf, without reference tö other 
quantities, is imaginary^ and consequently not the 
object of reason or demonstration. In answer to this 
objection we may observe, that whenever we make 
use of the notation — a/ and say it signifies a quan* 
tity to be subtracted, we make a tacit reference to 
other quantities. 

Thus, in numbers, - a represents a number to be 
subtracted from those with which it is connected ; 
and when we suppose - a to be taken h limes, we 
must understand that a is to be taken h times from 
some other numbers. In estimating lines, or distances, 
— a represents a line, or distance^ in a particular 
direction. The negative sign does not render quan- 
tities imaginary, or impossible, but points out the 
relation of real quantities to others with which they 
are concem«d. 

DIVISION. 



1. 
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DIVISION. 



(81.) To divide one quantity hy another, is to 
determine hoiv offen the latter is contained in the 
' former ^ or what quantity nmltipUed hy the latter 
tvillproduce the former. 

Thus, to divide ahhy a is to determine how often 
a must be taken to make up a 6 ; that is^ what quan- 
tity multiplied by a will give ah ; which we know is 
h. From this consideration are derived all the rules 
for the division of algebraical quantities. 

(82.) If the divisor and dividend be aflected with 
lihe signs, the sign of the quptient is + : but if their 
sigiis be unlikcy the sign of the quotient is — . 

IS— ab be divided by — a, the quotient is-f-&; 
because-ax +b gives-aft; and a similar proof 
may be given in the other cases. 

(83.) In the division of simple quantities, if the 
Goefficient and literal product of the divisor be found 
in the dividend, the other part of the dividend, with 
the sign determined by the last rule, is the quotient. 

Thus, — T^ = c ; because ah multiplied by c gives ahc. 

If we first divide by a, and then by b, the resu|t 

abc bc 

will be the same; for = ftc, and -7-= c, as before. 

a 

(84.) Cor. Hence, any power of a quantity is di- 
vided by any other power of the same quantity, by 
taking the index of the divisor from the index of the 
dividend. 

' — — a^ o^ 1 fl'" 

Thus, -3-= a»; -T=-:3^ = a~^ (Art 53); —=«»-''• 

^ (85.) If 



\ 



*•» 
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(85.) If only a part of tfae product which fbnns the 
divisor, be contained in the dividend^ the division 
must be represented according to the direction in 
Art. 52^ and the quantities contained both in the 
divisor and dividend exponged. 

Thus» 1 5 c^h^c divided by — 3 a^hx^ or .^, = , 

First, divide by - 3 a*6, and the quotient is - 5 a ic ; 
thifl quantity is still to be dirided by j? (Art. 83), and 
as « is not contained in it, the division can only be 

represented in the usual way ; that is, -— — is the 

qootient 

(86.) If the dividend consist of sevcral terms, and 
the divisor be a simple quantity, every term of the 
dividend must be divided by it^ 

Thus, ^£lzl£*£L!j!£f!=a'-6ix + 6x«. 
^ ax 

(87.) When the divisor also consists of several 
terms, arrange both the divisor and dividend according 
to the powers of some one letter contained in them ; 
then, find how often the first term of the divisor is 
contained in the first term of the dividend, and write 
down this quantity for the first term in the quotient ; 
multiply the whole divisor by it, subtract the product 
from the dividend, and bring down to the remainder 
as many other terms of the dividend as the case may 
require^ and repeat the Operation tili all the, terms are 
brought down. 

Ex. 1. 

If a* - 2 aft + 6* be divided iJy a - 6, the operation:^^ 
will be as follows : -^I 



t 



.t 
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-a6 + 6» 
-aft + fe* 



The reason of this, and the foregoing rule^ is, that 
as the whole dividend is made up of all it's |nrts^ the 
divisor is contained in the whole, as ofteii^asit is eon- 
tained in all the parts. In the preceding Operation we 
inquire first, how often a is contained in a% which 
gives a for the first term of the quotient^ then mul- 
tiplying the whole divisor by it, we have o^ — ah 
to be subtracted from the dividend^ and the re- 
mainder is —ab-^t^^ with which we are to proceed 
as before. 

) The whole quantity a*-2aJ + 6*, is in reality di- 
vided into two parts by the process, each of which 
is divided'^by a-6; therefore the true quotierlt is 
obtained. 

Ex. 2. • 

a + b)ac+ad+bc + bd(c + d 
ac+bc 



ad+bd 
ad+bd 






Ex. 3. 



-ff ■ 
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Ex. 3. 

, \, /, . 9.^10 . Remainder 
l-x)l (l+a? + a?* + ^ +&C.+ — ; • — 

1 — OP 



+x 

• 




• 




+«3 




+x* &c., 




Ex. 4. 
















# 




Ex. 5. 


- 




. . +3r-' 



nW—I/ 



+ x""-'i/ - a^-'Y 



Ex..« 



'4' 






K 
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a-p.x -{-qx 



rf* a-p.a^-a^—pa.w 



9 



'{•ä'-pa + q.X'-^r 



ä^'-pa + q.X'-a^-- pä'+qa 
Remaind^i^ ä^^pä^+qa^t 

ON THE TRANSFORMATION OF FRACTIONS 
TO OTHERS OF EQUAL VALUE. 

(88.) If the signs of all the terms both in tbe 
numeratör and denominator of a fraction be changed, 

it's value will not be altered. For = + 6 = ; 

— a +a 

, ab - —ab 

and = -6= . 

— a a 

(89.) If the numerator and denominator of a 

fraction be both multiptied^ or both divided by the 

same quantity^ it*s value is not altered. 

For 1^ = 1 (Art. 85). 

Hence, a fraction 13 reduced to it's lowest terms, by 
dividing both the numerator and denominator by the 
greatest quantity that measures them both. 

(9.0;) T[%e greatest tommon measure qftwo quan^ 
tities is Jound by arranging them accarding to the 
power s qfsome ktter, andthen dividing the greater 
hy the lesSy and the prtceding divisor always by the 
last remainder, tili the remainder is nothing ; the 
last divisor is the greatest common measure required. 

L«t 



'«• 
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Let a and h be the two quantitiet, and h)ü{p 
let b be coiitaine4 in ^ jp times, with a — 
remainder c ; again^ let c be contained in c)h{q 
bj q times with a remainder d^ and soon, — 
tili nothing remains ; let <2 be the last di- d)c{r 
visor, and it will be the greatest common — 
measiire of a and b. ' O 

(91.) The truthof this rule depends upon these 
two principles ; 

1*^. If one quantity measure another, it will also 
measure any multiple of that quantity. Let x mea- 
sure ff by the units in n^ then it will measure cy by 
the Units in nc. 

2\ If a quantity measufe two others, it will mea- 
sure their sum or difierence. Let a be contained in 
sfj m times^ and in v, n times; then ma^x and 
na^y; therefove X ±t/ SS ma±naxzfn ±n.a; i.e. 
a is contained in x ±y^ m ±n times, or it measures 
x±y by the units in m±n. 

(92.) Now it appears from the Operation (Art. 90), 
that a-pb^Cy and b-^qc^^d^ every quantity there- 
fore which measures a and b, measures pb^ anda - pb , 
or c; hence also it measures qc^ and b-qcy or rf; 
that ia, every common measure of a and b measures d. 

It appears also from the division, that a=^pb+c^ 

bszqc + d, c^=rd; therefore^ measures c, and qc, and 

qi^-i-d ov b; hence it measures /?&, and p.b + c, or a. 

£very coinmon measure then of a and b a^easures d, 

and d measures a and b ; therefore d is their greatest 

conunon measure. 

Ex. 

To find Üie greatest common measure of a* — x* arid 

a' - a^x-- ax* + jp^, and to Tcduce -?r — i n — ; 

to it 5 Iowest terms» 
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c^x+a*x* — aa^—x^ 



3a V - 2a?* 



leaving out 2x\ which is found in eacli term of the 
remainder, the next divisor is a* — jr*. 

a^ - j^)a' - a^a: - ax* + x^(a—x 



— ö*x+x^ 



a* - X* is therefore the greatest common measure of 

the two quantities, and if they be respectively divided 

* a* + j?* 

bv it, the fraction is reduced to ~, it's lowest 

•^ a- X 

terms. 

The quantity 2^*, found in every term of one of 
the divisors, 2a*x*— 2j?*, but not in every term of 
the dividend, a^ — a^x-ax^ + a^^ must be left out; 
otherwise the quotient will be fractional, which is 
contrary to the supposition made in the proof öf the 
rule; and by'omitting this part, 2ar% no common 
measure of the divisor and dividend is left out; 
because^ by the supposition^ no part of 2x^ is found 
in all the terms of the dividend. 

(93.) To find the greatest common measure of 
three quantities, a, 6^ c ; take d the greatest common 
measure of a and h ; and the greatest measure of d 
and c^ is the greatest common measure required. 

Because 
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Because every common measure of a, h and c, 
measures d and c ; and every measure of d and c 
measures a, h and c (Art. 92) ; therefore the greatest 
common measure of d and c must be the greatest 
common measure of a, b and c. ' 

(94.) In the same manner^ the greatest common 
measure of four or more quantities may be found. 

The greatest common measure of four quantities, 
a, bj c, dj may also be found by taking x the greatest 
common measure of a and 6, and y the greatest 
common measure of cand d\ then the. greatest com- 
mon measure of« and y will be the common measure 
required. 

(90.) If one number be divided by another, and 
the preceding divisor by the remainder, acgording to 
Art. 90, the remainder will at length be less than 
any quantity that can be assigned.- 

For a=^pb'\'C\ and 6, and consequently j»6, is 
greater than c ; therefore pb + c^ or a, is greater than 

2c, and - is greater than c ; therefore from a, a quan- 

tity greater than it's half has been taken ; in the same 
manner, when c is the dividend, more than it*s half 
is taken away, -and so on : but if from äny quantity 
there be taken more than it's half, and from the re- 
mainder more than it's half, and so on, there will, at 
length, remain a quantity less than any that can be 
assigned (Euc. 1.x). .:::, 

' (96') Ftactions arexhanged to others of equal 

veJiuß with a common denominator^ by multiplying 

each numerator by every denominator except ifs oivn, 

Jbr the new numerator; and all the denominators 

togetherfor the common denQminatar. 
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Let jL» ^ > ^ ^^6 proposed fHctions ; then t^., 

ff^ TuTf^ ^^ fractions of the same value with the 

* former, having the common denominator hdf. For 
adf a chf c • edh ^ ,il, ^'\ .t 

irrv urv ^""^ wrj (^'^•«»)» *« 

numerator and denominator of each fraction having 
been multiplied by the same quantity, m%. the pro*- 
duct of the denominators of all the other fractions. 

(970 When the denominators of the proposed frac- 
tions are not prime to each other, find their greatest 
common measnre ; multiply both the numerator and 
denominator of each fraction, by the denominators 
of all the. rest, divided respectively by their greatest 
common measure ; and the fractions will be reduced 
to a common denominator in lower terms * than they 
would have been by proceeding according to the 
former rule. 

' ' Thus. — , — , — reduced to a common deno- 
mx my mz 

. ^ ayz bx% cxy 

mmator, are '^ - — - '^ 



mxyz mxyz mxyz 

ON THE ADDITION AND SUBTRACTION 

OF FRACTIONS. 

(98.) If the fractions to he added have a vmtmon 
denominatOTf their sunt is found by adding the nUme^ 
ratars together and retmning the common denominator. 

Thus, 



* To obtain them in the lowett terms, each must be reduced to 
another of equal value, with the denominator which k the least 
common multiple of all the denominators» See Art« 374. 
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Thus, i "*" X ~ ""Ä^ • '^'^^^ follows from the prin- 



ciple laid down in Art. 87« 

(99.) If the fractions have not a common denomi- 
nator they must be transformed to others of the same 
value, which have a common denominator (Art. 96), 
and then the addition may take place as before. 

Ex. 2. 

a c ^ad bc ^ ad + bc 
b^d'^ bd'^Id^ bd~' 

Ex. 3. 

1^ 1 g- b a+b _ a^b-^-a+b _ 

a+b "*"a=l ^ a'^b^'^ ^T^^ "" a*-Ä* "" 
2a 



Ex. 4. 

Ä+ T.Ä-^ + '^sc - ^^ ,, ■ . Here a is considered as 
J J J J 
a fraction whose denominator is unity. 

Ex. ö. 

g*— 2a&4-y _ 2g^-2fr*4-g^ + 2gft+y + g*-2a6 + 6^ 
4g* 

(100.) TjT /iix) fractions have a common denomu 
nator j their difference is found by taMhg the dif" 
ference of the numerators and retaining the common 
denominator. 

Thus, I - I =n ^ (See Art^87). 
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(101.) If they have not a coBimon denbminator^ 
they must be transformed to others of the same value, 
which have a common denominator^ and then the 
subtraction may take place as before. 

,, Ex. 2. 

" a c ad b€ ad ^ bc 

b d'^ bd bd bd 

Ex. 3. 

cd ab cd __ ab - cd 

Ex. 4. 

a c-^d _ ac-ad bc + bd ^ac-^ad-^bc- bd 
b c^d ^ bc-^bd bc — bd'^ bc—bd, 
The sign of bd is negative, because every part of 
the latter fraction is to bc taken from the former. 

Ex. 5. 

a+ b a-^b _ a* + 2afc4-y _ a'-2ab+b^ _ 
a — b a + b " ä^^b'^ a^-^b"^ 

a^+2a6+fc*-a^ + 2a6-fc ^ _ 4ab 



ON THE MULTIPLICATION AND DIVISION 

OF FRACTIONS. 

(102.) To multiply a fraction by any quatitity^ 
multiply the numerator by that quantity and retain 
the denomnator. 

Thus, T X ^ = -T- • Fol" i^ the quantity to be divided 

be c times as great as before, and the divisor the same, 
the quotient must be c times as great. 

(103.) Cor. 
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(103.) Cor. 1. -xft=-r-=a. Thatis, if afrao- 

tioD be multiplied by it's denominator^ the product is 
tbe numerator. 

(104.) Cor. 2. The result is the same^ whetber the 
numerator be multiplied by a given quantity^ or the 

denominator divided by it. Let the fraction be ^5—, 

^ hc 

and let it*s numerator be multiplied by c, the result is 
•T— > or -T- (Art. 89), the quantity which arises from 
the division of it's denominator by c. 

(105.) The proehict qf two Jractions isjimnd by 
multipfying the numerators together for a new nu^ 
merator^ and the denxnninator$ for a new denominator. 

Let r and n be the two fractions; then r x 3==t^ 
For if r =Ä, and Ts=y, by multiplying the equal quan- 

tities r and x^hy h^a^hx (Art 6oi) ; in the same man- 
ner, c=:dj/; therefore, by the sam6 axiom, ac^ hdxy\ 
dividing these equal quantities^^c and hdxy, by hd, 

we have^ajpy = T>^ 2* (*^ Art. 70). 

(106.) To divide a fraction hy any quantity^ md- 
tiply the denoiminator hy that quantity y and retain the 
numerator^ 

The fraction r divided by e, is t-. Becaüse r==T-f 

D and 
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änd a c^ part of this is r- ; the quaotity to be divided 

being a c^ part of wbat it was before^ and the divisor 
the same. 

(107.) CoK. The rjesult is the same^ whether the 
deoolfninator is multiplijed by the quantity^ or the nu- 
merator divided by it. 

HC • • 

Let the fraction be 7-% ; if the denominator be 

. öa 

muHiplied by c, it beconies t-t- o*" r5 > *^® quantitjr 

which arises from the division of the numerator 
by c. 

(1^8.) To dwide one fr actum hy anothery itno^t 
the numerator and denomhmtor of the divisor ^ and 
prooeed -0$ in multipücjotion. 

a c • a i) 

Let t- änd ^ be the two fractions. then r ■?- :^ = 
a ' ■ o a 

a d ad 

h c'^ Sc' 

. a c . ' 

For if r=Xp and 5 = ^^ then as in Art. 105, 

azzbx, and c^dt/; also^ adz=bdx, and bcsi^bdj/; 

^u r L A^ ^^ ^^ bd^ X a c 
therefore by Art. 70, r- = -r-r- ss s ^ ^ -. 

■^ bc bdy y b d 

(109.) The ruie for multiplying the powers <tf the 
same quantity (Art. 78), will hold when one or both 
ef the indices are negative. 

Thus,a'"xti-«=a"*-«; forrf»xa-*=:flrx— (Art53) 

=-r-=«"""; in tfae same manner, a:"x«~'=-3=-s 
« . sr ar 

Again, 
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Again^ a"'* x a"* = a"^^ ; because a"* x a""* =-- 

X ^ (Art. 53), = — i-. - a-5^ 

(HO.) Cor. If m=ii, a*xa"**«=rf**^=a'; also, 
rf" X a"^= -^ = 1 ; therefore a*= 1 ; according to thc 
ootation adopted (Arts. 51. 53). 

(111.) The ruie for dividing any power of a 
quantity by any other power of the laine quantity 
(Art. 84) holds, whether those poWers are positive or 
negative. 

1 

Thus, ar-T-a'"' = a"*— — (Art. 53), = a*» x a* = aT +•. 

Cm 

Again, a--^a-'*=:i;-r-ii=^ (Art. 108.) =0--- 

(Art. 84). 

(i 1 2.) Cor. Hence it appears^ that a quantity may 
be transferred from the numerator of a fraction to 
the denominator, and the contrary, by changing the 

sign of it s index. Thus, y = y;^% and ^^ 

CT X Ä"* 



»*.•— — •."••^ 



^ 



ON INVOLUTION AND EVOLUTION. 

« 

(1 13.) If a quantity be continually multiplied by 
itself, it is said to be involved, or raised ; and the 
power to which it is raised» is expressed by the num- 
ber of times the quantity has been employed in the 
multipUcation. 

D2 TUw^ 
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Thus, axa, or a\ is <Älled the second" power of a ; 
Bx ax a^ ov oP^ the third power; ax a . . . . («), ör 
a% the n^*" power. 

(114.) If the quantity to be involved be negative, 
the signs of the even powers will be positive, and the 
signs of the odd powers negative. 

For — öx --a^(t\ -ax -ax —a^—c?^ &c* 

(115.) A simple quantity is raised to any power, by 
inultiplying the index ofevery factor in the quantity 
by the expoi^nt of the power, and prefixing the proper 
sign determined by the last article. 

Thus, (£^ raised to the w* power is (£^ **. Because ö" x 
«^ X a*" . . • to w factors, by the rule of multiplication, 

is a**"; also, aD"=aÄx öäx a6x &c. ton factors, 
or a X a X a . . . . to n factors xhxhxh . . .ito n fec- 
tors (Art. 75), ^a^xb""; and a^lPc raised to the fifth . 
power is a^^Ä^V. Also, - a^ raised to the n'^ power 
is ±a^^i where the positive or negative sign is to be 
prefixed, according as n is an even or odd number. 

(l l6.) If the quantity to be involved be a fraction, 
both the numerator and denominator must be raised 
to the proposed power (Art. 105). 

(117.) If the quantity proposed be a Compound 
one, the involution may either be represented by the 
proper index, or it may actually take place. 



Let 
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Let a4-& be the quantity to h^ raiscd to any power. 
a-^b 



+ ab+b^ 



I Ä+ftp OT a^ + 2ab + b* thc Square, or 2^ power. 

a + 6 



aP'\'2a'b+ab* 



a + if or a^+Sä'b + 3 ai* + ^ the 3^ power. 



fl + fcl* or a*+4a3&+6a*i''+4a63 + 6* the 4'^* power. 

Ifbhe negative, or the quantity to be involved be 
a — 6, wherever an odd power of b enters, the sign of 
the term must be negative (Art. 114). 

Hence, T^''^af^'-4c^b+6a^b^--4al^ + b*. 

(118.) Evolution, or the extraction of roots, is the 
method of determining a quantity which raised to a 
proposed power will ^roduce a given quantity. 

(1 19.) Since the w* power of a^ is a^*, the ?i* root 
of rf** must be a~ ; i. e. toextraet any root of a Single 
quantity, we must divide the index of that quantity 
by the index of the root required. 

(120.) When the index of the quantity is not ex- 
actiy divisible by the number which expresses the 
root to be extracted, that root must be represented 

accordin^ 
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according to the notatiofa pointed t>iit in Art. ^f^ 
Thusy the Square^ cube, fourth, n* root ctf a*+ar*, arc 

respectively represented by a* -i- j?y, a*+^Y> <»*+* T* 

a' + 0? r ; the same roots of -3-- — ;, or a* + jn , are re- 

a +x 



n 



presented by ä^Tä?l % a' 4-a:1"'*, a*4-J?*p*, a'+aV 

(121.) If the root to be extracted be expressed by 
an odd number^ the sign of the root will be the same 
with the sign of the proposed quantity^ as appears by 
Art. 114. 

(1 22.) If the root to be extracted be expressed by an 
even nuuiber, and the quantity proposed be positive, 
the root may be either positive or negative. Because 
either a positive or negative quantity, raised to such a 
power, is positive (Art. 114). 

(123.) If the root proposed to be extracted be ex- 
pressed by an even number, and the sign of the 
proposed quantity be negative, the root cannot be 
extracted; because ilo quantity, raised to an even 
power, can produce a negative result. Such roots are 
cailed impossible. 

(124.) Any 1:00t of a product may be found by tak- 
ing that root of each factor, and mnltiplying the rootSj 
so taken, together. * 

Thus, ab^ szo^ xlr"; because each of these quailli* 
ties, raised to the w* power, is a6 (Art. 115). 

Cor. If a = 6, then a*» x a'' = a» ; and in the same 
manner^ a'^x a'^sä "* • 

(125.) Any 
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(13fr«) Any roiot of a fraetion may be found by 
tftking that roöt of both the numerator and denomi* 
nsrtor (Art. Il6). 

2 » 

Thus, the cube root of jr is — , or a^ x b"^ ; 

er h" 



ind| 



f* II» ^ ^ 



— X 



(126.) To extract the Square root ofa Compound 
quuntity. 

Since the square root of a^ + 2ab^h^ is a+6 
(Art. 1 1 7), whatever be the values of a and h, we may 
obtain a general rule fbr the extraction of the Square 
root, by observing in what manner a and h may be 
derived from a* + 2a6 + A*. 

Having arranged the Ä* + 2ai + J*(a + Ä 

terms according to the di- «* 

mensions of one letter, a, 

the Square root of the first STä + 8)2 a 4 + i* 
term, a% is o, the first fac- 2ab+b^ 

tor in the root ; subtraet — 

it*8 Square from the whole * * 

quantity, and bring down the remainder 2ab + b^; 
divide 2a& by 2a, and the result is b, the other factor 
in the root ; then multiply the sum of twice the first 
factor and the second {2a'\' b), by the second (6), and 
subtraet tbis product (2a6 + J*) from the remainder. 
If there be moi:e terms, consi<der a + A ai a new value 
of a ; and it's Square,, that is a*+ 2a6+ 6', having, by 
the first part of the proeess, been subtracted from the 
proposed quantity, divide the remainder by the double 
of this new value of a, for a new factor in the root ; 
and for a new Subtrahend, muHiply this factor by 

tyricft 
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twice the suin of the former iactors increased by this 
facton The proceito must be repeated tili the root, oi' 
the necessaiy approxia)ation to the root, is obtained. 

Ex. 1. 

To extract the square root of a* + 2ab + b* + 

2ac + 2bc -hc^ t ov of it's equal a*+TaHhF. i + 
2a+2b + c.c. 






2a+b)2a + b.b 
2a + b.b 



2a+2b + c.c 



Ex. 2. 

To extract the Square root of a* — öj?+ — . 

4 



, 4\ 2 



a* 



2a— -) — aa?H — 
2/ "^4 



4 



Ex. 3* 
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Ex. 3. 



To-extract the square root of 1 + ^•' 
1 +x(l +|-|-+&c. 



1 



+ D 



X 

*+7 




8/ ~ 4 

4 " 


•1+64 




8-54*^*^- 



(127*) It appears from the second example^ that a 
trinomial a* - ax H , in which four times the pro- 

4 

duct of the first and last terms^ is equal to the square 
of the middle term^ is a complete square. 

(128.) The method of extracting the cube root is 
discovered in the same manner. 

The cube root of a^ + 3a'6 + 3a6* + 6^ is a+ 6 (Arts. 
117» 118); and to obtain a + h from this Compound 
quantity, arrange the a'+3a*6+3a6* + 6^(a-h6 

terms as befbre, and c? 

the cube root of the 3ä^) Sa^ft+Say + ft' 
first term, a% is a the - M^h+3aV+l^ 
first fiictor in the root ; ^i, 

eubtcact 
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subtract it*8 cube from thewhole quantity, and divide 
the first term of the remainder by 3a% the result 
18 b, the second factor in the root ; then subtrftct 
3a^b+3ab^ + bP from the retnainder^ and the whoie 
cube of a + & has been subtracted. If any quantily 
be left^ proceed with a + & as a new a, and divide the 
last remainder hy 3 .a+fcp for a third factor in the 
root; and thus any number of &ctors may be 
obtained. 



SCHOLIUM. 

(129.) The rules above laid down, for the extraction 
of the roots of Compound quantities, are but little 
used in algebraical or fluxional Operations ; but it was 
necessary to give them at füll length^ for the purpose 

of investigating rules for the extraction of the Square 
and cube roots in numbers. 

The^square root of 100 is 10, of 10000 is 100, of 
1000000 is 1000, &c. from wbich considefation it 
follows, that the Square root of a number less than 100 
must consist of only one figure, of a number between 
100 and 10000 of two places of figures, of any num- 
ber from 10000 to 1000000, of three places of figüi-es, 
&c. If then a point be made over every second figure 
in any number, beginning with the units, the number 
of points will shew the number of figures, or places, in 

the Square root. sThüs the square root of 4357 coil- 

sists of two figures^ the squlare root of 56478, of three 
figures, &c» 

Lct 
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Let the Square root of 43&7 be reqnired. 

Having pointed it ac- 4357(60+6 or ßo 

cording to the direction, 36oo [the root. 

it appears that the root — — 

consists of two places of 120 +o) 757 

figures ; let a 4- * be the ^ 186] 766 

root, where a is the value , _ • j 

r^l n • ^u ^ » 1 remaindcr, 

of the figure m the ten s - 

place, and by of that in the unit^s ; then is a the nearest 
Square root of 4300 which does not exceed the true 
root, this appears to be 60 ; subtract the Square of 60 
(«*) from the given number, and the remalnder is 757 • 
divide this remainder by 130 (2a), and the quotient 
i^ 6 (the value of b^) and the Subtrahend, or quantity, 
to be taken from the last remainder 757» is 126x 6, 
(ßa+h.b) or 756. 

It is said that a must be the greatest number whose 
Square does not exceed 4300 : it evidently cannot be 
a greater number than this ; and if possible let it be 
some quantity j?, less than this ; then since x is in the 
ten's place and b in the unit\ x + b,\s less than a ; 
therefore the Square of a?+ J, whatever be the value of 
&, must be less than a\ and cönsequently x + b less 
than the true root. 

If the root consist of three places of figures, let a 
represent the hundreds, and b the tens ; then having 
obtained a and b as before, let the new value of a be 
the hundreds and tens tögether, and find a new 
value of b for the units : and thus the process may 
be continued when there are more places of figures in 
jthe root. 

(130.) The 



\ 
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(130.) The eyphers b^ing omitted for the sake of 
ezpedition, the foUowing rule is obtained from the 
fbregoing process. ^ 

Point eveiy second figure 4357(66 

beginning with the unifs 36 

place^ dividing by this process 

the whole number into seve- 126) 7^7 
ral periods ; find the greatest 7^6 

number whose squar^ is con- 

tained in the first period^ 1 

this is the first figure in the root ; subtract it's Square 
from the first period, and to the remainder bring down 
the next period ; divide this quantity, omjtting the 
last figure, by twice the part of the root already 
obtained, and annex the result to the root and also to 
the divisor ; then multiply the divisor^ as it now Stands, 
by the part of the root last obtained, for the Subtra- 
hend. If there be more periods to be brought down, 
the Operation must be repeated. 

Ex. 2. 
Let the square root of 61 1524 be required. 

6i 1524(782 
49 



148)1215 
1184 



1562) 3124 
3124 






(131.) In 
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(131.) In extracting the square röot of a decimal^ 
the pointing must be made the contrary way, beginning 
with the place of hundredths, or care must be taken 
to have an even number of decimal places ; because, if 
the root have 1, 2, 3, 4, &c. decimal places, the Square 
must have 2, 4, 6, 8, &c. places (Art. 38). 

Ex. 3. 

To extract the square root of 64.853. 

64.8530(8.053 &c. 
64 



1605) 8530 
8025 



16103) 50500 
48309 



2191 &c. 



For every pair of cyphers virhich vre suppose an- 
nexed to the decimal, another figure is obtained in the 
root. 

(132.) The cube root of 1000 is 10, of 1000000 is 
100, &c. therefore the cube root of a number less 
thah 1000 consists of one figure, of any number 
between 1000 and 1000000, of two places of figures, 
&c. If then a point be made over every third figure 
contained in any number, beginning with the units, 
the number of points will shew the number of places 
in it's cube root. 

Let the cube root of 405224 be required. 

405224 
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*" 405234(70 + 4 
ö^ = 343000 



3a* =3 14700) 62224 the first remainder. 

^ 

dS80O = 3a'i 

3360 = 3ab^ 

64 = b^ 



62224 Subtrahend. 



By pointing the number according to the direction, 
it appears that the root consists of two places ; let a 
be the value of the figure in the ten*s place^ and 6, 
of that in the. unifs. Then a is the greatest number 
whose cube is contained in 405000*, or 70 ; sub- 
tract it's cube from the whole quantity, and the . 
remainder is 62224 ; divide this reipainder by 3 a*, or 
14700, and the quotient 4, or b, is the second term ' 
in the root : then subtract the cube of 74 from the 
original number, and as the remainder is nothing, 
74 is the cube root required. Observe, that the 
i^hers may be omitted in the Operation ; and that 
as a' was atlSirst subtracted, if from the flrst remainder, 
3 a'6 + 3 a6' + Ä' be taken, the whole cube of a + i will 
be taken from the original quantity. 

(133.) In extracting the cube root of a decimal, care 
must be taken that-the decimal places be three, or some 
multiple of three, before the Operation is begun ; be- 
cause Üiere are three times as yiany decimal places ia 
the Cube as there are in the root (Art. 38),. 

Ex. 2. 

Required the cube root of 311897 .91. 

31I897.910 

II ■ ■ II I — ^M^w^a^— ^ ■ ■ I ■ I I I II ' !■■ 1 

♦ See Art. 129. 



CUB£ ROOt. 63 

311897.916(67.8 

216. .•=a' 



3a3=J08 . .) 96897 first remainder 



756 . . =3 a'b 
882 . ^3 ab* 
343 =6» 



84763 Subtrahend 



3ä' = 1 3467 . .) 1 1 1 3 49 1 second remainder. 

The new value of a is 670, or, omitting thecypher, 67 y 
and 3a\ the new divisor, is J3467 . . hence 8 h the 
next figure in the root ; and 

107736 . .=3a*6 
12864 -sSa^^ 
512 = 6* 



10902752 Subtrahend 



232158 the third remainder. 



It appears from the pointing, that tfaere is one 
decimal place in the root ; therefore 67.8 is the root 
required, nearly. If three moce cypliers be annexed 
to the decimal, another decimal place is obtained in 
th^ root ; and thus approximation may be made to 
the true root of the proposed number^ to any degr^ 
ofaccuracy. 

Since the first remainder is 3€^b + 3ab^ + h^f the 
exact value of b is not obtained by dividiJUL by 
3 a\ and if upon trial the Subtrahend be founafo be 
greater than the first remainder, the value assumed for 
b iß. too great, and a less number must be tried. The 
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greater a is with respect to h^ the more nearly is the 
true value obtained by division i and when a few 
places in the root are fbund, the number of figures may 
nearly be doubled^ by division only. 



ON SIMPLE EQÜATIONS. 

(134.) If one quantity be equal to another, or to 
nothing, and this equality be expressed algebraic^lly^ 
it con3titutes an Equation. ^ 

Thus, x^a = b'-x is an equation, yf which x-a 
forms one side, and 6 — o? the other. 

(135.) When an equation is cleared of fractions and 
surds, if it contain the first power only of an unknown 
quantity, it is called a simple equatio% or an equation 
of one dimension : if the Square of the unknown 
quantity be in any terra, it is called a quadractic^ or an 
equation of two dimensions ; and in general, if the 
index of the highest powef of the unknown quantity 
be ra, it is called an equation ofn dimensions. 

(136.) In any equation, quantities may.be frans-- 
posed /vom one side to the other, if their signs hjc 
changed, and the two sides will still be equal. 

Let ar + 10 = 1 5, then by subtracting 10 from each 
side, a? + 10 — 10=15 — 10 (Art. 68), or a?=15 — 10. 

Let 0?— 4=6, by adding 4 to each side, j?- 4 + 4= 
6 + 4, or^=6 + 4 (Art. 67). 

If j?— a+i=y ; adding a— i to each side, a?— a + 
i+a— i=y + a-Ä; or ar=y+a— Ä. 

(137.) Cor. Hence, if the signs of all the terms 
on each side be changed, the two sides will still be 
equal. 

Let 
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Let 0?— a = ft-2j?; by transpositioD^ •^i+2ar=s — 

(138.) If every termy on each side^ he multipUed 
hjf the same quantity^ the results will be eqtial 
(Art. 69). 

(139.) Cor. An equation may be cleared of frac- 
tions, by multiplying every term, succeMively^ by the 
denominators of those fractions. 

Let 3a?H =34; multiplying by 4, I2x+5ir=: 

-c 4 

136. (See Art. 103). 

An equation may be cleared of fractions at otkce, 
by multiplying both sides by the product of all the 
.^ denominators^ or by any quantity which is a multiple 
of them all?*'. 

• ' Let f + f + ^ = 13 ; multiplying by 2 x 3^x 4, 

I6 o 4 

3 X 4 X j?+2 X 4 X x + 2 x 3 x a? = 2 x 3 x 4 X 13, or 

12j? + 8a:+6x=312; that fc, 26a? =3 12. 

If each side be multiplied by 1 d, which is a mul- 

12j? 
tiple of 2, 3, and 4, the equation will become + 

+ = 156 ; or 6j? + 4a? + 3j? = lö6 ; that is, 

3 4 

130?= 156. 

(140.) Ifeach side ofan equation he divided hy the 
quantity j the results will be equal. 

■•"' 136 
t 17a?= 136; then a?= ^^ -8 (Art. 70). 

(141.) If 




* Ifthe/eotf common multiple be made use of, the equation will 
be in the loweit terms. 



66 SIMPLE BAUATIONS. 

(141 .) Ifeach side of an equation be raised to the 
same power, the results ivill be equal. 

LetA7^s9; thena?=9x9=81 (Art. 69). 

Also^ if the same root be extradbed on both sides^ 
the results will be equal. ' 

Let a?=81; thenÄ:^=9 (Art. 118). 

(142.) To Jind the vaJue of an unknown quantity 
in ß, simple equation. 

Let the equation first be cleared of fractions, then 
transpose all the terms which involve the unknown 
quantity to one side of the equation^ and the known 
quantities to the otber ; divide both sides by the co- 
elBScient, or sum of the coefficients^ of the unknown 
quantity» and the value required is obtained* 

Ex. 1. 

To find the value of x in the equation 3 a? — 6 « 

23—^. 

by transp. 3a? + o? = 23 + 5 (Art. 136) 

or 4a? = 28 • 

• 28 
by division a? = — « 7 (Art. 140). 

Ex. 2. 

Let :i;4. I - 1= 4j: - I7. 

Mult. by 2, and 20? -h o? - — = 8a? — 34 

3 

Mult. by 3, and 6x+3x - 2a? = 2 Ir - 102 (Art. 1 39) 

by transp. 6ar + 3a?- 2a? — 24a?= — 102 i 

or - 17a?= - 102 

170^=102 (Art. 137) 

17 "" ' -^JE^- 

ßx. 3. 
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Ex. 3. 







1 Ä - 

-+-• s e 
a X 


• 
• 






ha 
1 +~ = 

X 


ca 






X + ba^ 


cax 






X --cax^ 


-^ba 




or 
e. 


cax — X = 


= ia (Art, 137) 


• 

1. 


ca — 1«^ s £a 






Äa 





X = 



ca — 1 



• Ex. 4. 

\ 

5 — = 0? — 3. 

55 _ X - 4 = llx - 33 

56 - 4 + 3^sa l\x + X 
84 Ä \2x 

84 ^ 

Ex. 5. 

3j? — 5 ,^ 2^ — 4 

« H :: — =12 — -. 

2 3 

4x - 8 ' 
2a? + 3«— 5 =24 r— - 

: 6a? + 9j?- 15 ä72 - 4 a? + 8 
6x + 9a? + 4X r:: 72 + 8 + 15 
19^ = 95 ' 

a?=2^ = 5 
^ 19 \ 

E 2 (143.^ tt 
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( 1 43.) If there be two independent simple equations 
involving two unknown quantities, they may be re- 
duced to one, which involves only one of the unknovm 
quantities^ by any of the following methods : 

1" Method. In either equation^ find the-^alue of 
one of the unknown quäntities in terms of the other 
and known quäntities^ and for it Substitute this value 
in the other equation^ which will then only contain 
one unknown quantity, whose value may be found by 
the rules before laid down. 

Let J ^ ■" > To.find x and y. 



From the first equat. a? xs i o — y ; bence, 2a? = 20 — 2y, 
by subst; 20 — 2y — 3y = 5 > 

20-5:ir2y+3y ^ 

15 = by 
15 

^ y = - = 3 

hence also, a? * 10 - y = 10 - 3 = 7- 

2* Method. Fmd an expression for one of the 
unknown quäntities, xd each equation; put these 
expressions equal to each other, and from the re- 
sulting equation the other unknown quantity may be 
found. 

From the first equat. x :=: a^ y 
from the second, hx = de — cy, and ^ =s 7 — 2; ^i 

therefore, a -- y ^ — T* ^ 

baifi^ by 



jpssa- 
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ba -^ by =z de ^ cy 
cy - by ^ de — ba . 

c — b .y sz de " ba 
de -^ ba 

Also, X = a -^ y; that is, 
de-'ba ^ ca-^ba — de+ba _ca-de 



3^ Method. If either of the unknown ^ quantities 
have the same coefficient in both equations, it may be 
extenninated by gubtracting, or adding, the equations^ 
aecording as.the sign of the unknown quantity, in the 
two cs^es, is the same or difierent« 

ix +y SS 157 r^ n ^ 

I-rCt <. *- > To find X and y. 

|a? ^ y SS 7 I ^ 

By subtraction, 2y = 8, and y = 4 

By addition, 2x ^ 22, ^nd j? ss 1 } (Art. 67)* 

If the coefficients of the unknown quantity to be 
extenninated be difierent, multiply the terms of the 
first equation by the coefficient of the unknown 
quantity in the second, and the terms of the second 
equation by the coefficient of the same unknown 
quantity, in the first ; then ädd, or subtract^ the re- 
sulting equations^ as in the former case. 

Ex. 1. Let 1^^ + 7y = 81 } ^"^ ^"^^ ^ *"^ y- 

Multiply the terms of the first equation by 3, and the 
terms of the other by 3, 

tlien 6x - lOy = 26 
6x -h 2\y = 243 

By 
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By subtraction^ — 3l^=r— 217 
andy = ~ = 7; 

also, 3a? - 5y = 13, or 3 j? — 35 = 13 
therefore, 3x = 13 + 35 =: 48 ' 

and a? = -— s l6. 

Ex. 2. 

^ Jmo? - ny = rfj To find x and y. 

From the first^ tnax f mhy s= mc 
from äie other, max — na^ = ad 
by subtraction, m6y + nay sm mc - adf 

merefore. y = — r . 

"^ m6 + na 

Again^ nax + nhy = nc 

mhx — n hy = Ärf 

by addition, na9^ mh.x =z nc +bd 

^t g. nc + bd 

therefore. x = ^-r . 

na -^^ mb 

Ex. 3. 
Let -l ^' ^° ^'^^ ^ ^°^ y* 



rax-roy ax + y-v 



4 J? -4-21/ 

From the first equat. 3a? - Sy + 6 = — ^ 

15a?— 253/ + 30 = 4jf + 2y 
15a? — 4a?— 25y-2y= — 30 
lla?-27y=-30 

from 
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from the«econdequat. 32-ar+2y = — + -^ = 2x+-^ 

96-3a?+6y=s6j?+4y 

96=6a?+3a? + 4y-6y 

or 9a?- 2y = 96 

and lla?-27y= -30 

hence 990; - 22y = 1056 

and 99ar - 243y = - 270 

221^ = 1056 + 270=1326 

1326 ^ 

y= =6 

•^221 

also, 9a?-2y=96 
or 9a?— 12=96 
91^=96 + 12 = 108 

0?= =12. 

9 

( 1 44.) If there be three independent simple equa* 
tions^ and three unknown quantities, reduce two of thc 
equations to one, containin^only two of the unknown 
quantities, by the preceding rules ; then reduce the 
tbinl equation and either of the former to one, con- 
taiiiing the same two unknown quantities ; and from 
the two equations thus obtained, the unknown quan- 
tities which they involve may be found. The third 
quantity may be found by substituting their values in 
, any of the proposed equations. 

Ex. 

2a? + 3y + 4)2J=l6 
Let J3a? + 2y-5Ä = 8 l To find o?^ ^ and ä. 



r2a? + 3y + 4)2j=lb^ 
./3a? + 2y-5Ä = 8 V 
(5a?-i6y + 3Ä=6 J 



From 
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From the two first equat. 6x'^9i/+ 12« = 48 

by subtr. öy + 32«=33 
from the first and third, lOar + 1 5y + 20« = 80 

10ä7- 12^ + 6ä = 12 
by subtr. 27y + 1 4 « = 68 
and 6y + 22Ä = 32 
hence 135y + 70«=340 
and 135y + ö94Ä = 864 
by subtr. 524« = 524 
Ä = l 

thatis, 5^ + 22 = 32* 

5y = 32-22 = 10 

y=-=2 

2j: + 3y + 4Ä=l6 
that is, 2a: +6 + 4 = l6 

2a?=5l6- 6-*4=6 



%=i3. 

The same method may be applied to any number 
of simple equations. 

•(145.) That the unknown quantities may have 
definite values^ there must be as many independent 
equations as unknown quantities. When there are 
more equations than unknown quantities^ the value 
' of any one of these quantities may be determined 
from diiSerent equations ; and should the values, thus 
found, difier^ the equations are incongruous ; should 
they be the same, one or more of the equations are 
unnecessary. When there are Jewer equations than 
unknown quantities^ one of these quantities cannot be 

found 
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found^ but in terms which involve some of the rest^ 
whose values may be assumed at pleasure ; and in such 
cases the number of answers is indefinite. 

Thus, \{ x+y:=:a, a?=a-y; and assuming y 
at jdeasure^ we obtain a value of x, such^ that 

These equations must also be independent, that is, 
not deducible one from another. 

Letj?+y=a, and 2a:H-2y = 2a; this latter equa- 
tion being deducible from the former, it involves no 
difierent supposition, nor requires any thing more 
for it*s truth, than that a?+y = a should be a just 
equation. 

PROBLEMS WHICH PRODUCE SIMPLE 

EQUATIONS. 

, (146.) From certain quantities which are known, 
to investigate others which have a given relation to 
them, is the business of Algebra. 

When a question is proposed to be resolved, we 
must first consider fully it's meaning and conditions. 
Then substituting for such unknown quantities as 
appear most convenient, we must proceed as if they 
were already determined, and we wished to try 
whether they answer all the proposed conditions 
or not, tili as many independent equations arise 
as we have assumed unknown quantities, which 
will always be the case if the question be properly 
limited (Art. 14ö); and by the Solution of these 
equations, the quantities sought will be determined. 

Prob. 1. 



# 
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Prob. l. . 

A bankrupt owes A twice as much as he owes B^ 
and C as much as he owes A and B together ; out of 
£. 300, which is to be divided amongst them, what 
must each receive ? 

Let X represent what B must receive ; 
then 2a? = what A must receive, 
and X + 2a?, or 3a?, = what C müst reoeive ; 
amongst them they receive c£.300 ; therefore 
0?+ 2a? +30? =300 
6a? =300 

a? = -7T-=öO, what jB must receive 
o 

2a? =100, what A must receive 

3a? =150, what Cmust receive. 

Prob. 2. 

To divide a line of 15 inches into two such parts, 
that one may be three fourths of the other. 

Let 4 a? = one part, 
then 3 0? = the other. 

7 ^ = 1 5 > by the question, 
15 

40?=—- = 8-, one part, 

7 7- 

3 a? =--- = 6-, the other. 

7 7 

Prob. 3. 

If A can perform a piece of work in 8 days, and B 
in 10 days, in what time will they finish it together? 
Let X be the time required. 

In 



In ene ^y, A performs ^ part of the work ; therefore 

in X days, he performs r parts of it ; and in the same 

time^ B performs — parts of it ; ' and calling the 
work 1, 



8 10 ~ 


1 






10x + 8j;= 


3 80 






18a?=80 








80 _ 8 
""^ 18 ~ 18 ' 


-1 


days. 




Prob. 


4. 



A workman was employed for 6o days, pn condi* 
tion that for every day he worked he should receive 
1 5 pence ; and for every day he play ed he should for- 
feit 5 pence ; at the end (Of the time he had 20 
Shillings to receive ; required the number of days he 
worked. 

Let X be the number of days he worked, 
then '6o - a? is the number he played, 
\bx bis pay, in pence, 
300 — 5 .r, sum forfeited, 
\bx- 300 + 5 or = 240, by the question, 
200? = 240 + 300 = 640 

a?=:27, the days he worked, 
6o - Ä" = 33, the days he played. 

Prob. ö. 

How much rye, at four Shillings and sixpence a 
bushel, must be mixed with 60 busheis of wheat, at 

six 
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six Shillings a bushel> that the mixture may be worth 
five Shillings a bushel ? 

Let X be the number of busheis required ; 
then 9 a? is the price of the lye in sixpenbes 
600 the price of the wheat 
60 + a: . 10 the price of the mixture ; 
therefore, 9x+ 600 = 500 + lOa? - ' 

and 100=0?, the number of busheis required^ 

Prob. 6.» 

A and B engage together in play ; in the first game^ 
A wins as much as he had and four shiUings more, and 
finds he has twice as much as jB ; in the second game, 
B wins half as much as he had at first and one Shilling 
more, and then it appears that he has three times äs 
much as ^ ; what sum häd each at first ? 

Let X be what- A had, in Shillings, 
y what B had 

3ar + 4, what A has after the 1-** game 
y - j; -^ 4, what B has 
by the question, 2 0? + 4 = 2y — 2a? - 8 

or2y-4a?=12 

also, y — a:— 4+ - + 1, what B has after 



the second game, 



y 



2a? + 4- - —1, what-^^ has; 

bytKequestion,i/-a?-4+'^ +l=6a?+12- ^-3 

pr 2^-20?- 8+y + 2=12a?+24 — 3y-6 
- hence 6y— 14a? = 24 
or3t/-7J^=12 

also. 
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alsO^ ^ — 2^3:6 

therefore^ 3 y - 6a: = 1 8 
also, 3y-7a?=12 
by subtraction, x ss 6 

y-2a?=6, ory — 12 = 6 
y=18. 

Prob. 7. 

A smuggler had a quantity of brandy which he 
expected would raise «£9 : 18^. ; after he had sold 10 
gallons, a revenue officer seized one third of the re- 
mainder, in consequence of which iie makes only 
^8 : 2s. \ required the number of gallons he had, and 
the price per gallon. 

Let X be the number of gallons ; 

1Q8 
then -^ is the price per gallon, in Shillings, 



X 

JP-IO 



the quantity seized. 



3 
— - — X -^ the value of the quantity seized, 

O , X . ^ 

which appears by the question to be 36 Shillings; 

. ^ x-\0 198 ^^ 

therefore, x -^-=536 

3 X 

j?— lux 66=360? 

66 a: -660 = 36 jp 

30a? = 660 

0? st 22, the number of gallons, 

198 198 ^ . .„. ^. I, 
32 -— - =p Shillings, the pnee per gallon. 

X ^^ . 

Prob. 8. - 

A and B play at bowls, and A bets B three Shillings 

to 
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to two upon eveiy game ; after a certain number of 
games it appears^ that A has won three shillinga; but 
had he ventured to bet five Shillings to two, and lost 
one game more out of the same number, he would 
have lost thirty Shillings : how many games did they 
play ? 

Let X be the number of games A won, 

y the number B won, 
then 2 J? is what A won of £, 
and 3y what B won of A. 

2 j? - 3y = 3, by the question ; 

a? — 1 .2,-^ would win on the 2*supposition, 

y + 1 .5, B would win, 
öy + 5 - 2a? + 2 =30, by the question, 
or öy— 2ar=30-6-2 = 23 
therefore, 5y — 2^ = 23 
and 2J?-3y=3 
by addition, by—^jf^ 26 

2^ = 26 

2a?s=3 +33^ = 3 + 39 = 42 

a? = 21 

a?+y=34, the number of games. 

Prob. 9. 

A sum of money was divided equally ämongst a 
certain number of persons ; had thei^e been three more, 
eaeh would have received one Shilling less, and had 
they been two fewer, each would have received one 
Shilling more than he did : required the number of 
persons, and what each received. 

Let 



älMPLI EaUATIONS. 79 

Let X be the number of persons^ 

y the sum each received, in Shillings ; 
then xy is the sunot divided, 

and a?+3 xy- 1 ^xyl , .• 

- ^ ?• by the question ; 

2A^o x-2xy+\—xy) 

therefore, a?y — j?+3y — 3 ^xy 

or — x+3y = 3 

and a?y +^— 2y — 2=j?y 

or jf — 2y = 2 

also, -a? + 3y=3 

therefore, y = 5 

hence x-2y==x- 10 = 2. 

ora?=12. 

ON QUADRATIC EQUATIONS. 

(147.) When the terms of an equation involve the 
Square of the unknown quantity, but the first power 
does not appear, the value of the Square is obtained 
by the preceding rules ; and by extraeting the Square 
root on both sides, the quantity itself is found« 

Ex. 1. 

Let öor* — 45 =0 ; to find X. 
By trans. 5x® = 4ö 

x^ = 9 
therefore (Art. 141), x =x/9 = =±=3. 

The signs + and - are both prefixed to the root, 
beeause the square root of a quantity may be either 
positive or negative (Art. 122). The sign of x may 
also be negative ; but still x will be either eqüal to 
+'3or-3. 



80 aUADRATIC EaUATIONS. 

Ex. 2. 

Let ax* = bcd; to find x. 

bcd ' 
a 



.r*=: 



'■:■>- 



x= ± \/. 



bcd 



a 



^1 



# 



(148.) If both the-first and second powers of the 
unknown quantity be found in an equation^ arrange 
the terms aecording to the dimensions of the unknown 
quantity^ beginning with the highest, and transpose 
the known quantities to the other side ; then, if the 
Square of the unknown quantity be afiected with a 
coeifficieat, divide all the terms by this coefficient^ 
and if it's sign be negative, change the signs of all 
the terms (Art 137), that the equation may be re- 
dueed to this form, x^±px:sz ±q. Then add to both 
sides the Square pf half the coefficient of the first 
power of the unknown quantity, by which means, 
the first side of the equation is made a complete 
Square, and the other consists of known quantities ; 
and by extracting the square root on both sides, a 
simple equation is obtained, from which the value of 
the unknown quantity may be found. 

Ex. 1. 

Let a?* -\'px = q ; now, we know that a^-^px^ — is 

4 

the Square ä? + ^ (Art. 1 27) ; add therefore, ^ to 

both sides, and we have 

x^+px 
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^^ + pa? + 2- = gf-i- ^ . then by extracting the squpire 
root on both sides, 

ar + - = ±vj4-^ , and by transposition . ^ 

In the same manner, if a?* — /?x = gr, x is found to be 

Ex. 2. 

Let X*- 12a? + 35==0; to find x. 
By trs^nsposition, a?' — 12^?= — 35, and adding the 
Square of 6 to both sides of the equation^ 
. a;»-12arH-36=:36-3ö = l ; 
then extracting the square root on both sides, 

j? — 6= ± 1 

ar=6±l=7 ^r 5; either of which, 
substituted for x in the original equation, answers the 
condition, that is, inakes the whole equal to notiiing. 

Ex. 3. 

Let J- - = 3 ; to find x. 

a? -t- 1 j? 



6 + 


2a? + 2 
a? 


3a?+ 3 


6a? 4- 2x + 2 : 


= 3a;» + 3« 


3 a?* 


— 5x = 2 




X*- 


5a? 2 
3 3 


' 



^ öop 25 _ 25 2 
* ~ T "^ 3^ "" 36- + 3 



X — 
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^ . a/^ö 2 4/2Ö + 24 4/49 

5 _ 7 
* ~ 6 ~ - 8 

25 2 

In this example, -7-. and - areto be reduced to a 

^ ' 3b 3 

common denominator, and since 36 is a complete 

Square, the most converiient method for the Solution^ 

is to multiply both the numerator and denominator 

2 

of - by 12, that the common denominator may be 
3 

a Square number (Art. 20)^ 

Ex. 4. . , 

(149.) Let X + IJbx + 10 = 8 ; to find x. 

By transposition, a^^x + 10 = 8 - ^ 
squaring both sides, öj? + 10=64 — l6a:+jf 

x"^ -21^ = 10 -64 =-64 

441 441 
completing the Square, o?*— 21i'H = — 54 

44JI-216 ^ ^, 441 226 

21 + 16 ^ ,,^ 

zr= — = — =3 orl8. 
2 

By this process two values of x are found ; but 
on trial it appears, that 18 does not answer 
the condition of the equation, if wc; suppose that 
s/bx '\' 10 represents the posjltive Square root of 

6 a? + 10. 



ttÜADRATIC EaUATIONS. S3 



5x+10. Thereasönis^ that öar + 10 is the square 

of->yöJ?+10 as well asof +^/öJf + 10; thus by 

squaring both sides of the equation t^/bx-k- 10 = 8 - x, 
a new condition is introduced, and a new value of the 
unknowQ quantity corresponding to it, which had no 
place before. Here, 18 is the value which corresponds 

to the supposition that x— y/ bx+ 10=8. 

It should be particularly observed, that, since 

+j?X +3f1s equal to -xx — y, in the multiplication 

and involution of quantities, new values are äl^ys 

introduced, which, if not again excluded by the nature 

of the question, will appear in the final equation. 

(150.) Every equation, where the unknown quantity 
is found in two terms, and it's index in one is twice 
as great as in the other, may be resolved in the same 
inanner. 







Ex. 5. 






Let 


z + 4zi 


= 31. 








z + 4zi 


+ 4 = 21 + 4 


= 25 




js^ + 2 = 


= ±5 








Ä^ = ± . 


5 — 2 = 


3, or - 


-r. 


therefore z 


= 9, or 49. (See 


Art. 1 


49). 






Ex. 6. 






Let 


a?"* + X' 


-t = 6 




/' 






-t.U 


6.1 


_ 25 
~ 4 




a;-+ + i 


= ±4- 










-1±5 
2 


3, or- 


-3 


and a?*^ = J, 


or-4^. 










F 2 







^T..n. 
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Ex. 7. 

Let y»-.6y*-37 =0. 

y_6y»+9 = 27 + 9 = 36 
y'— 3 = ± 6 
y= 3 ± 6 = 9> or-3 
y = ± 3,,or ± ^/-3. 

Ex. 8. 

Let y + ry3+ 3_ = 0. 

y6+ry+- =- -^ 
r+3- + V 4 ay- 

•^ 2-^4 27 



(151.) When there are more equations and unknown 
quantities than one, a single equation, involving only 
one of the unknown quantities, may sometimes be 
obtained by the rules laid down for the Solution of 
simple equations ; and one of the unknown quantities 
being discovered, the others may be obtained by 
substituting it's value in the preceding equations. 

Ex. 9. 

x - ^.Z-^ - 4 
Let ) V To find x and y. 

^ j? + 2 ■" 

From 
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From the first equation^ 2j?-a?+y=:8 

oraf+y = 8 
anda?=:8 — y ' 

from the 2^ equation^ j:y + 2y - a? - 3y = j?+ 2 

« 

ot xi/— 2x — i/ = 2 
by Substitution, 8 - y X y — 2x8 -i/-y = 2 

9y-5/» = l6 + 2=l8 
y*-9^=-18 
- 81 81 ,„ 9 

•J' 2 - 2 

3^=2_ =6^ or3 

a? = 8 -y = 2, or 5. 

The Solution will often be rendered more simple 
by particular artifices^ the proper application of which 
is best learned by experience. 

Ex. 10. 






ßnd X and i/. 



From the second equation,^2jcy = ö6 
and adding this to the first, x^-^-Qxy +y*= 121 
subtracting it from the same, x^ — 2xy +y* = 9 
by extracting the sq. roots, x +y =±11 

and x-y^ ±3 
therefore, 2 a? = ± 1 4 

a? = 7, or— 7 
and y = 4, or - 4. 
(152.) It may sometimes be oipuse tq Substitute for 

Que 
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one of the unknown quantities^ the product of the 
other and a third unknown quantity ^. 

Ex. 11* 
Let i^'"*"'?7^!l To find 0? and y. 

then i;^y*+i;y'= 12 
and vy*— 2y*=l 

12 

from the former, y* = -r- — 
from the latter, y*= 



thereforc. 



V- 2 
12 1 



7' v* + v V- 2 
or t;* + i;=12i; — 34 
v*— llt;= —24 



. ,. . 121 121 ^, 

v' — \\V'\ — :- = — : — 24 

4 4 




121-96 25 

= ^4 =T 


* 


hence, v- 3 = ± 2 




1 1 ± * 
V = — =— =8, or 3 

2 


, 


^=«-2=6'^'^* 




y=±^-g.or±J 




8 
x-vy=± .^, or±3. 


\ 



""^ This Substitution may be successfully applied whenever the 
8um of the dimensions of the unknown qjuantities, io every term 
efeßch e^uaiion, is the same, 
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(153.) The Operation may soiftetimes be shorteiied 
by substituting for the unknown quantities^ the sum 
and difierence öf two others *. 

Ex. 12. 



To find X and y. 



Assume x = z+v 

and^=:^ — t; 

then x+^ = 2ä = 12 

OT z = 6 

hence, x=6+v 

and y = 6—1; 

also, sincc 1- '^ = 1 8 

andÄ? = 6+t;f = 2l6 + 108t;+18i;'+t;3 

3^ = 6-t;f = 2l6- 108v+18v^-t;* 
therefore, a^+y^-432+ 36 v' 

a»y=:6+vx 6-t; = 36 — v* 
18a?y = 648- 18t;* 
but i^+y=al8a?^ 
therefore, 432+36t;* = 648- 181;' 
Ö4t;* = 2l6 
^ 216 ^ 

' t;=±2 

a?=6±2 = 8 or 4 
y=6Hp2=4or8t 

PROBLEMS 

r -- X I ' - ' ' 

* Thiä artifice may be uted, when the unknöwn quantities in 
tSK^h equationare similarly involved. 
t Otber metbods are given by Dr. WaT\n|^9ied. Al^« Cv^* ^, 



M 



/ 
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PROBLEMS PRODUCING QUADRATIC 

EQÜATIONS. 

Prob. 1. 

(154.) A person bouglit a certain number of oxen 
for 80 gumeas, and if he had bought 4 more for the 
same sum, they would have cost a guinea a piece less ; 
required the number of oxen and price of each. 

Let X be the number, 
then — is the price of each, 

X ^ 

80 * . . 

and the price of each on the 2^ supposition, 

^ö 80 , , ,, 

= 1, by the question. 



^ + 4 X 

^^ 80a? 4- 320 

80= X— 4 

X 

80i? = 80ar + 320 - J?* - 4a? 
a?' + 4x=320 

t?* + 4x + 4=324 

a? + 2=±18 

a?= f 18-2 = l6 or -20. 

80 80 ^ . • , . r 1. 

— = -7t = 5 gumeas, the price of each. 

In this, and in many other cases, especially in thjc 
Solution of philosophical questions, we deduce, from 
the algebraical process, answers which do not corre- 
spond with the conditions. The reason seems to be, 
that the algebraical expression is more general than the 
CQmoion language^ and the equation which is a proper 

representation 
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representation of theconditions^ will also express other 

conditions, and answer other suppositions. In the fore- 

going instance, x may either represent a positive 

or a negative quantity, and cannot in the Operation 

represent a positive quantity alone (Art. 149) ; and the 

80 80 , . 

equation = 1, when x is negative, or re- 

presents the diminution of stock, will be a proper 
expression for the Solution of the following probleui: 
A person sells a certain number of oxen for 80 guineas ; 
and, had he sold 4 fewer for the same sum, he would 
have received a guinea a piece more for them ; re- 
quired the number sold. 

Prob. 2. 

(155.) To divide a line of 20 inches into two such 
parts, that the rectangle under the whole and one part, 
may be equal to the square of the other. 

Let X be the greater part, then will 20 — j? be the less, 
and j?* = 20 - a:. 20 = 400 - 20a?, by the question, 
a?* + 20x = 400 
0?* + 20j? + 100 = 400 + 100 = 600 

a?+10= ±^^500 

4?= + x/§oo - 10, or - -yaoo- 10. 

The Observation contained in the preceding article 
may be applied here ; and it is to be remarked, that 
the negative values thus deduced are not insignifi- 
cant, or useless. Here the negative value shews, that 

if the line be produced />/500 + 10 inches^ the square 
of the part produced is equal to the rectangle' under 
the Une given^ and the line made up of the whole and 
part produced. 
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Prob. 3. 

(156.) To find two nuidbers^ whose »um, prodact, 
and the sum of whose Squares^ areequal to each other. 

Let x-^y and x^y he the numbers^ 
their sum h 2x 
their product a?* - y* 
the sum of their Squares 2x^ + 2y* 
and by the question 2sb:ez2x^ + 2tf^ 

ov X=sX^+t/* 

also, 2x^x^-jp 
therefore, 3 ^ = 2 ar* 

3 

2 

2a?=x*— y* 

or3=^-y* 

^ - 2 
^ 2 



:.-y=l-^ 



2 

Since the square of every quantity is positive, a 
negative quantity has no square root ; the conclusioR 
therefore shews that there are no such numbers as the 
question supposes^. 

ON 

* Ah excellent collection of Problems, producing simple and 
quadrati^ equationsj has lately been publish^d by the Rev. 
M. Bland. 
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ON RATIOS. 



(L57.) Ratio is tlie relation which one quantity bears 
to another in respect of magnilude, the comparison 
being made by considering what multiple^ part, or 
parts^ one is of the other. 

Thus, in comparing 6 with 3, we observe that it has 
a certain magnitude with respect to 3, which it contains 
twice ; again, in comparing it with 2, we sce that it 
has a different relative magnitude, for it contains 2 
three times, or it is greater when compared with 2 
than it is when compared with 3. The ratio of a to i 
is usually expressed by two point^ placed between them, 
thus, a : b; and the former is called the antecedent of 
the ratio, the latter the consequent. 

(158.) Cor. 1. When one antecedent is the same 

multiple, part, or parts, of it's consequent, that another 

antecedent is of if s consequent, the ratios are equal^|^ 

Thus, the ratio of 4 : 6 is equal to the ratio of 2 : 3, 

t. e« 4 has the same magnitude when compared with 6, 

4 12 
that 2 has when compared with 3, since ^ ~ r ; the 

ratio of a : b is equal to the ratio of c : rf, if r "= -jj 

CL C 

because r and ^ , represent the multiple, part, or parts, 

that a is of 6, and c of d. 

(159.) Cor. 2. If the term9 ofa ratio bemultiplieci 
or divrded by the same quantity, the ratio is not 
altei^ed. 
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(160.) Cor. 3. That ratio is greater than another, 

whose antecedent is the greater multiple, part, or parts^ 

t)f it's consequent. Thus, the ratio of 7 : 4 is greater 

7 35 
than the ratio of 8 : 6 ; because - , or — i» greater than 

8 32 

-, or * — . These conclusions foUow immediatelv from 

5 20 -^ 

our idea of ratio. 

(161.) A ratio is called a ratio of greater inequality, 
of less inequality^ or of equality^ according as the 
antecedent is greater y less than, or equal to, the con- 
sequent. 

(162.) A ratio qf greater inequality is diminished, 
and ofless inequality increased, hy adding any quaU' 
tity to hoth ifs terms. 

If to the terms of the ratio 7 • 4, 1 be added, it be- 

comes the ratio of 8 : 5, which is less than the former, 

(Art. 160). And in general, let x be added to the terms 

>of the ratio a : 6, and it becomes a + x : b + x^ which 

is greater or less than the former, according as 

r-T— is greater or less than r ; or, hy reducing tKem 

O "1 X _ " » , 

, ' . ah-^-hx . 

to a common denommator, as - , is greater or 

h.b^x 

less than ---^=== ; that is, as h is greater or less 
6.6 + x 

than a. 

(163.) Hence, a ratio öf greater inequality is in- 
creased, and ofless inequality diminished, by taking 
from the terms a quantity less than either of them. 

(164.) If the antecedents of any ratios be multiplied 
together, and. also the consequents, a new ratio re- 
sults, which is «au2 to be compounded of the foroier. 

Thus, 
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Thus^ ac : bd is said to be compounded of thetwo 
a : b and c : d. It is also sometimes caüed the sum 
of the ratios ; dnd when the ratio a : 6 is compounded 
with itself, the resulting ratio, a* : 6% is called the 
double of the ratio of a : 6, and if three of these ratios 
be compounded together, the result a? : i^, is caüed 
the triple of the first^ &c. Also, the ratio of a : & is 
said to be one third of the ratio of flr' : IP\ and 

0» : 6^ is said to be an nC^ part of the ratio of a : i. 

(165.) Let the first ratio be a : 1 ; then o* : 1, a' : 1, 
• ...a** : 1, are twice, three times^ .;.w times the first 
ratio ; where w, the index of a, shews what multiple, 
er part, of the ratio a" : 1, the first ratio a : 1, is. 
On this account, the indices 1, 2, 3, ...w, are called 

measures of the ratios a' : 1, a' : 1, o® : 1, 

a'* : 1. 

(166.) Ifthe consequent ofthe preceding ratio be 
the antecedent ofthe succeeding one, and any number 
ofsuch ratios be taken, the ratio tvkich arises Jrom 
theit composition, is that of the Jirst antecedent to 
the last consequent. 

Let a : 6, 6 : c, c : rf, &c. be the ratios, the Com- 
pound ratio, is axbxc \ bxcxd, (Art. 164.) ; or, 
dividing by ix c (Art. 159), ^ '• ^* 

(167.) A ratio of greater inequality, compounded 
with another^ increases it ; and a ratio of less in' 
equality diminishes it. 

Let the ratio oi x : yhe compounded with the ratio 
of a : 6, and the resulting ratio ax : by is greater or 

less than the ratio a : 6, according as r-* is greater or 
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less than ^ (Art l6o) ; i. e. according as o? is greater 

or less than y. 

( 1 68 . ) If the difference hetween the antecedent and 
consequent of a ratio be smallwhen compared witk' 
either of them, the double of the rcUio, or the ratio of 
their Squares^ is nearly obtained by doubUng this 
difference. 

Let a + j? : a be the proposed ratio, where x is small 
when compared with a ; then ä" + 2ax+x^ : a* is the 
ratio of the Squares of the antecedent and consequent ; 
but since x is small when compared with a, x^ or x 
X X is small when compared with 2a x x, and much 
amaller than axa; therefore, a'^ + 2ax i a^,or a + 2x 
: a (Art. 159), will nearly express the ratio of a* + 
2ax + x^ : a\ 

Thus, the ratio of the square of 1001 to the square 
of 1000 is nearly 1002 : 1000 ; the real ratio is 
1002.001 : 1000, in which the antecedent difFers frora 
it's approximate value, only by the thousandth part 
of an Unit. 

(169.) Cor. Hence, the ratio of the square root of 
^+2x to the Square root of a is the ratio a+x : a, 
nearly ; that is, if the difference of two quantitiea 
be small with respect to either of them, the ratio of 
their square roots is nearly obtained by halving their 
difference. 

(170.) In the same manner, a+3x : a ; a+4x : a; 

a+mx : a; are nearly equal to the ratios a+x]^ : a'; 

a +0?) : a:^; a+x\ : a"^ ; if mx be imatl whei^ com- 
pared with a. 

m 

ON 
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ON PROPORTION. 

(171 •) Four quantities are said to be proportionals, 
when the first is the same multiple, part, or parts, of 
the second, that the third is of the fourth. That is, 

when r = ;)> the four quantities a, 6, c, d, are calied 

proportionals. This is usually expressed by say\rig, a 
is to b ^s c to d; and thus represented, a : b :: c : d. 

The terms a and d are calied the extremes, and b 
and c the means. 

(172.) fFhenJbur quantities are proportionalst the 
product ofthe extremes is equal to the product ofthe 
means. 

Let a, bj c, ä^ be the four quantities ; then, since 

a c 
they are proportionals, h^^ (^^' ^7^) » *^^ ^Y ^^^' 

tiplying both sides by bd, ad^bc. 

(173.) Cor. 1. If the first be to the second as the 
second to the third, the product of the extremes is 
equal to the square ofthe mean. 

(174.) Cor. 2. Any three terms in a proportion 
^ faekig given^ the fourth may be determined firom the 
•^ equation a</=sic. 

(170.) Ifthe prodiict ofttvo quantities be equal to 
the product oft wo othersy the four are proportionalst 
making the terms of one product the means, and the 
terms ofthe other, the extremes. 

X b 
Let(cy sa^tben dividing by ay, - s= -, or x : a :: 

:v""' ** ^ 

i:y. (Art. 171). 

(176.) If 
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(176.) If^ ; b :: c : d, and c : d :: e : f, then tvill 
a : b :: e : f. 

Because 7 = -5, and :> = 7.; theretore, 7 = 7.; er a : 
b . d d J ^ h f 

h w e \ f. 

iyiT'^ Iffo^^ q^tcintities he proportionalst they are 
also proportionals when taken inversely. 

If a : i :: c : rf, then b : a :: d : c. For 7 = -,, 

b d 

and dividing unity by each of these equal quan- 
tities, er taking their reciprocals, - = - ; that is, b : 

a %i d i c. 

(178.) Iffour quantities be proportionals y they are 
proportionals when taken altern ately. 

\i a ib y. c i d, then a : c :: £ : d. 

a c 
Because the quantities are proportionals, r = ^ ; and 

multiplying by -, "" — j/^ or a : c :: b : ä. 

ünless the four quantities are of the same kind, the 
alternation cannot take place, because this Operation 
supposes the first to be some multiple, part, or parts, 
of the third. 

One line may have to another line the same ratio 
that one weight has to another weight, bnt a line has no 
4*elation, in respect of magnitude to a weight. In cases 
of this kind, if the four quantities be represented by 
numbers, or other quantities which are similar, the 
alternation inay take place, and the conclusions drawn 
fromit will be just. 

(179.) fFhen 
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( 1 79- ) ff^hen four qiiantities are proportionalst the 
Jirst together with the second, is to the secondj as the 
third together lolth thefourth^ is to thejburth. 

Let a : b :: c : dy then 
cofnponendo, a + b : b :: c + d : d. 

Because 7 = -^ , by adding unity to each side5 7 + 1 

= -,-f 1 ; that is, — ; — = -^-7- ; or, a + 6 : ft :: c+ d : d. 
d öd 

( 1 80.) JllsOy dividendo, the excess of the Jirst above 
the secondy is to the second, as the excess of the third 
above the four th^ is to the fourth. 

a c 
Because 7 = ^j by subtracting unity from each 

., a . c .1 , . a — b c-d ^ 

side, I ^ A = j — 1 ; "iat is, — r— = ~T"^ or, a- 6 

: b :: c — rf : d. 

(181.) jigairij convertendo, the Jirst is to ifs excess 
above the secondy as the third to ifs excess above the 
fourth. 

By the last article, — r— = — 5— ; and - = - (Art. 
•^ b d a c ^ 

• -^-N ^i_ p a — i b c--d d a^b 

1/7) ; therefore. — j— x - = — r— x - ; or, = 

' b a d c a 

c^d 

— =- , that iSy a-b : a i: c-d : c; and inversely, 

« : a— 6 :: c : c—d. . 

(182.) JVhenfofur qmntities are proportionalst the 
mm of the Jirst and second is to their difference, as 
the sttm of the third andfourth, to their dijference. 

Let a\b XI c \ d; then, + 6 : a-6 :: c+rf:^— rf. 

G Bj^ 
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By Art. 179, -y- = ~J-; and by Art. 180, — ^ 
c — rf . ^ a+b a -- b c + d c^d 

(Art. 70); or, T = ^; that is, a + 6 : a— i :: 

a — o c — a 

c + rf : c-rf. 

(183.) When any number of quantities äre pro- 
portionalsy as one. antecedent is to ifs consequenty so 
i$ the sum of all the antecedents^ to the sum of all 
the consequents. 

Let a \ b \\ c : d i\ e : f &c. 
tben a : 6 :: a+c + e : b+d+f 

Because-T =-%, arf=6c; in the sarae manner^ af=ibe; 

also, ab = ba'y henee, ab+ad+qf=ba + bc-\-bey or, 
a.b + d+J'=^b .a + c + e; and by Art. 170, a : b :: 
a+c + e : b + d+f 

(184.) JVhenfour quantities are proportionalsy if 
thefirst and second be multipliedy or divided, by any 
quantityy as also the third and fourth, the resulting 
quantities will be proportionals. 

Let a : b :: c : dy tben will ma : mb :: - : - • 

n n 

1 
-- . c 

For ? = ^ ; tberefore, ^ = ?— (Art. 89) ; 
b d ^ mb l ,^ ' 

- . d 
n 

j c d 
or, ma : mb :: - : - . 

n n 

(185.) If theßrst and third be multipliedy or 

dividedy by any quantity, and also the second and 

fourfh, the resulting quantities will be proportionals. 

For 
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f or 7 = -^ ; therefore -r- = — =- ; and — = — 
b d' b d ' 1,1» 

-.6 -.a 
n n 

(Art. 69) ; or, ma : - :: mc : - . 

n n 

(186.) Cor. Hence, in any proportion, if instead of 

the second and fourth terms, quantities proportional to 

them be substituted, we have still a proportion, For 

h // 

- and - are in the same proportion with b and- d 

(Art. 184.) 

(I87.) fn two ranhs of proportionah, if the cor- 
responding terms be multiplied together, the products 
will be proportionals. 

Let a \ b w c : d 

and e \ f w g \ h 

then will ae : bf :: cg : dh 

Because?=^, aridj.=f; therefore, 2£=^: or, 

ae : bf :: cg : dh. 

This is called compounding the proportions. 

The proposition is true if applied to any number of 
proportions. 

(188.) Iffour quantities be proportionals, the Uhe 
powersy or roots of these quantities, will be pro» 
portionals. 

Let a : b :: c : dy then 7 = j, and T.^=^Ti or. 

b d b" d"* * 

a* : b" i: (f : d" ; where n is whole or fractionaL 

(I89.) If two numbers^ ^^andh, be prime to each 
othery they are the least in that proportion. 

G3 VI 
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If possible, let 7 = ;i> where a and h are prime to 

each other, and respectively greater than c and d. If 
the latter numbers be not prime to each other, divide 
them by their greatest common measure. Then divide 
a by i, and c by d^ as in Art. 90 ; thus, 

h) a {m d) c (m 

x)b{n r)d{n 

y ' *• 

and because 7 = ^, the first quotients m, w, are equal; 

again, since 7=^+7, and-^=w + -v, we have 7 = -„ 
^ a a od 

or - = - ;^ also, because b is greater than d, x is 

X V 

ffreater than r. In the same manner, - = - , and y is 
® y s ^ 

greater than s, &c. thus the remainder in the latter 

division will become unity, sooner than the remainder 

X 

in the former. Let ^= 1 ; then - =r, and y. which is 

y 

greater than unity, will measure a and b (Art. 92), 

which is contrary to the supposition. 

» 

CL C 

Cor. Hence, if 7 =^ j» and a and b be prime to 

each other, c and d are equi multiples of a and b. 

(190.) If a and b beeach of them prime to c, «6 
18 prime to c. 

If not, let a6 = m7', and c^ms-^ then since a and b 
are prime to c, they are respectively prime to ms, and 

therefore to m ; and because ab'=:^mr^ we have — = 7 ; 

m o 

therefore 
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therefore 6 is a multiple ofm (Art. I89. Cor.), which 
is absurd. 

Cor. 1 . Ifbhe equal to a, then a* and c have nq 

common measure ; or — is a fraction in it's lowest 

c 

terms. 

Cor. 2. In the same manner, — , — , &c. are frae- 

c c 

tions in their lowest terms. 

Cor. 3. If a, 6, and c, be each of them prime to 
d, e, andy^ a6c is prime to de f. 

For, if a be prime to d and e, it is prime to rfe, and 
if it be prime to de and Jl it is prime to def. In the 
same manner, b and c are prime to def; consequently, 
abc is prime to dej*. 

Cor. 4. If a be prime to J, ä* is prime to 6*, and 
a^ to 6', &e. 

SCHOLIUM. 

(191.) In the definitionof Proportion, itissupposed 
that one quantity is some determinate multiple, part, 
or parts of another ; or that the fraction arising from 
the division of one by the other, (which expresses the 
multiple, part, or parts, that the former is of the 
latter), is a determinate fraction. This will be the 
case, whenever the two quantities have auy common 
measure whatever. 

Let X be a common measure of a and &, and let 

a^mXj b=:nx; then 7 = — =— , where m and n are 

b nx n 

whole numbers. 

But it sometimes happens that the quantities are . 



i 



10!2 PROPORTION. 

inc0fnmefisurabl€y or admit of no common measure 
whatever, as when one represents the circumference of 
a circle and the other it's diameter ; in such cases^ 

the value of ? cannot be exactiy expressed by any 

fraction, — , whose numerator and denominator are 
n 

whole numbers ; yet a fraction of this kind may be 
found, which will express it's value to any required 
dcgree of accuracy. 

Suppose ^ to be a measure of b, and let ^ = nx ; also 

let a be greater than mx but less than m + i ,x; then 

jr'is greater than — but less than , or the dif- 

ference between — and •= is less than - ; and as x is 

n n 

diminished^ since/ia: = 6^ n is increased, and - dimi- 

nished j therefore by diminishing x, the difFerence 

between — and * may be raade less than any that can 

be assigned. 

If a and b as well as c and d be incommensurable^ 

«nd if when 7 lies between — and ^ , ^ lie also 

n na 

between — and -, however the magnitudes m and n 

a c 

are increased, ^ is equal to ^ . If they are not equal, 

they must have some assignable difierence, and because 

cach of them lies between — and , this diflerence 

n n 

is 
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is less than - ; but since n may, by the 8U])position^ be 

•increased without limit, - may be diminishedwithout 
limit^ that is^ it may become less than any assignablc 

(IC 

magnitude ; therefore, r and -% have no assignable dif- 



a , . c 



ference; that is, =- is equal to ^; and all the preceding 

propositions, respecting proportionals, are true of the 
four magnitudes, fl, i, c, d, 

ON VARIABLE QUANTITIES. 

(192.) In the investigation of the relation which 
varying and dependent quantities bear to each other, 
the conclusions are more readily obtained, by ex- 
pressing only tvvo terms in each proportion, than by 
retaining the four. 

But though, in considering the Variation of such 
quantities, two terms only are expressed, it will be 
necessary for the Learner to keep constantly in mind 
that four are supposed ; and that the Operations, by 
which Qur conclusions are in this case obtained, are in 
reality the Operations of proportionals. 

(193.) Def. 1. One quantity is said to vary directly 
as another, when the ttvö quantities depend wholly 
upon each other, and in such a manner, that if 
one be changed, the other is changed in the saine 
Proportion. 

Let A and B be mutqally dependent upon each 

other, in such a way, that if A be changed to any 

. other value a, jB must be changed to another value h, 

such. 
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such, that A : ß :: J5 : 6, then A is said to vaiy 
directly as 3. 

£x. If the altitude of a triaogl« be invariable, the 
area varies as the base. For if the base be increased, 
or diminished, the area is increased or diminished in 
the same proportion*. 

(194.) Def. 2. One quantity is said to vary in- 
versely as another, when the former cannot be changed 
in any manner, but the reciprocal of the latter is 
changed in the same proportion. 

A varies inversely as B, {Aoc -g), if, when A is 

changed to a, J5 be changed to i, in such a manner 

1 1 
that A : a ii-jr \ r\ ov A : a :: b i B. 

Ja 

Ex. If the area of a triangle be gi ven, the base varies 

inversely as the perpendicular altitude. 

Let A and a represent the altitudes, B and i, the 

bases, of twoequaltriangles; then — ^ — = (the 

area of a triangle being the half of the rectangle under 
the base and perpendicular), ov A x B=:axb; there* 

fore (Art. 170), A : a :: b : B :: -^ : 1^ 

-o 

(195.) Def. 3. One quantity is said to varyas two 
others jointly j if, when the former is- changed in any 
manner, the product of the other two be changed in 
the same proportion. 

Thus, A varies as B and C jointly, {AocBC)y 
when A cannot be changed to a, but the product BC 
must be changed to 6 c, such, that A x a v. BC : bc. 

Ex. 



^ w 



* The sign oc ptaced between two quantities sigolfies that 
tfaej vary as ^ch other. 
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Ex. ITie area of a triangle varies as it's base and 
perpendicular altitudc jointly. Let Ay J5, P, repre- 
sent the area, base, and perpendicular altitude of onc 
triangle; a^ b, /?, those of another; then BP = 2Af 

A BP 

and 6» = 2a; therefore — = -. — , or ^ : a :: BP : bp. 
^ a bp 

(196.) Def. 4. One quantity is said to vary directly 

as a second and inversely as a third, whcn the first 

cannot be changed in any manncr, but the second 

multiplied by the reciprocal of the third, is changed 

in the s^me proportion. 

A varies directly as -B, and inversely as C, (Aoc —V 

when A \ a :: -p - "^ A^B^C, and a, ä, c being corre- 

sponding valucs of the three quantitics. 

Ex. The base of a triangle varies as the area directly 
and the perpendicular altitude inversely. The nota- 

BP A 

tion in the last Article being retained, -r — = — ; and 

multiplying both.sides by -^, we have ^ = ~S ~ 73"^ ~» 

therefore, J5 : i :: ^y : -. 

P p 

In the foUowing articles, A^ J5, C, &c. represent 
corresponding values of any quantities, and, a, 6, c, 
&c. any other corresponding values of the säme 
quantities. j-\-.. 

(197.) If(ynje quantity vary as a second, and iliat 
second as a thirdy thejirst varies as the third. 

Let A : a :: B : by and B : b :: C : c, then, (Art. 

176)5 A : a :: C \ c. That is, AocC. In the same 

1 1 • 

manner^ if AocB and JBoc —, then Aoc --^. 
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• (198') ff f'^o quantities vary respectively as a 
tfürd, their sum, or differenccy or the Square root of 
their producta will vary as the third. 



Let ^oc Cand J5oc C, then A + Boc C\ also, sj AB 
cc C By the supposition, A\ai\ Cicw B\h\ there- 
fore A : a i'n B : b; alternately, A : B :: a:b; and by 
composition or division, A±B : B :: a±b : b; alt. 

A± Bia±b ;: B : b :: Ci c; that is, CocA±B. 

Again, A : a :: C : c 
and B : b :: C : c 
therefore, AB : ab r^^C* : c* (Art. 187) " 

and ^/"Zö : ^'ab :: C : c (Art. 188) ; that 
is, Coc^AB. 

(199.) Ifone quantity vary as another, it will also 
vary as any multiple^ or part^ qfthe other. 

Let AocBy and m be any constant quantity, then 

B 

because A : a :: B : b, A : a :: mB : m&, or ^ : a :: — 

m 

: -^ (Art 184) ; that is, AocmB oroc — . 

(200.) Cor. l. I(A vary as B, A is equal to B muU 
tipUed by some invariable quantity. For A : a :: mB 
: mb ; altern. A : m JB :: a : m& ; if therefore m be so 
assumed that^=^wB, then in all cases, a^mb. 

(201 .) Cor. 2. If we know any corresponding values 
of A and By the constant quantity m may be found. 

a 
Let a and A be the two values known, then m = - ; 

o 

and in general, A=^ tX B. 

Ex. 
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Ex. Let 5oc 7^, and when r= 1 suppose 5= l6, 
then S=l6T\ 

(202.) If orte quantity vary as another^ any power 
or root ofthe former will vary as the safne power or 
root of the latter. 

Let A vary as J5, then A \ a \\ B x b^ and by Art. 
188; A'' : a" :: B" : 6"; that is, A^rycB", where n is 
whole or fractional. 

(203.) If one quantity vary as another, and each 
of them ' he multiplied or divided by any quantity ^ 
variable or invariable, the products or quotients will 
Vary as each other. 

Let A vary as B, and let T be any other quantity. 
Then, by the supposition, A : a :: B : b ; therefore 

AT : at :: BT : bt, and w' 7 '* T' t ^^^' ^®^^" 

■ 

AB 

204.) Cor. If -^oc J5, dividing both by 5, o^^Tj 

A 

oc 1 ; that is, -TT is constant. 

(205.) If one quantity vary as two others jointly ^ 
either of the latter varies as thejirst directly and 
the other inversely. 

Let VocFT, then by Art. 203, 
V V 

m 

(206.) Cor. If the product of two quantitifs be in- 
vaiiable, those quantities vary inversely as each other. 

Let J8 X P be constant, or 5 x Po^l ; by division. 



B«i:. 



(3or.) if 
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(207.) Iffour quantities he alwaj/s proportionals, 
and one or two of them he invariahle, tue nunf^find 
how the others vary. 

Ex. Let ps 9> ^j *j be always proportionals, and 
let "p be invariable^ then'^oc^r. Because ps^qr 
(Art. 172), psocqr; and sincej9 is constant^ SocqVy 
(Art. 199). 

(208.) If one quantity vary as a second, and a 
third as a fourth, the product of the jfirst and third 
will vary ötj? the product qf the second andjhurth. 

Let Ao^B and C^^D, then ACocBD. 
Because A : a:: B : h 
and C : c :: D : d 

AC : ac :: BD : hd (Art. 187) ; 
that is, AC^ BD. 

(209.) When the increase er decrease ofone quan^ 
tity depends upon the increase or decrease qf two 
others, and it appears that if either qf these latter he 
invariahle, the Jirst varies as the other ; when they 
hoth vary^ the ßrst is as their product. 

Let S"^ V when T is given, 

and S<^T when f^ is given ; 
when neither T nor ^ is given, S^oc TV, The varia« 
tion of S depends upon the variations of the two quan- 
tities T and V\ let the changes take place separately, 
and whilst T is changed to #, let «S^^changed to S^ ; 
then b3^he supposition, S i S^ :: TWt\ but t^iis value 
S^ will again be changed to s, by rpe vari^^on of V, 
and inthesame proportion that ^islehanged; thatis, 
S^ i s \\ V \ V, and by compoundingthis with the last 
Proportion, S^ S \ S's :: TF\tv,ot^Sis :: TFi tv 
(Art. 184). 

(210.) In 
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.1 

(21 0.) In the same manner, if there be any number 
of magnitudes P, Q, R, Sj each of which varies as 
another, f^, when the rest are constant ; when they are 
all changed^ f^ varies as their product. 

ON ARITHMETICAL PROGRESSION. 

(211.) Quantities are said to be in arithmetical pro- 
gression, when they increase or decrease by a common 
difierence. 

, Thus, 1, 3, 5, 7, 9, &e. a, a + b, a+2b, a-hSb, 
&c. a, a— 6, a-2by a-Sb, &c. are in arithmetical 
Progression. 

Hence it is manifest^ that if a be the first term and 
fl+i the second, a + 2b\s the thirdj a -i- 3 5 the fourth, 
&€• and a+w— l.b the w"* term. 

(212.) The sum ofa series qf quantities in arith- 
metical Progression is found by multiplying the sum 
of the first and last terms by half the number qf terms. 

Let a be the first term, b the common difference, 
n the number of terms, and s the sum of the series : 
Ihen/ 



a +aH-Ä +a + 2j....a + w— 1.6=*, 



or,a + w— 1.6 + a+w-2.Ä + a + w — 3.6 + «=*. 



Sum, 2ß+w-r-l.6 + 2a+n-1.6 + 2a + w- 1,6t &c. 
ton terms, =2*. 



ör, 2a + »— l-6x w = 2 5. 



n 



and *=2a+w- l.6x ^. 



(213.) Cor. 
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(213.) Cor.* Anythree of the quantities^, a, n, 6, 
being given, the fourth jmay be found from the equa- 

tion * = 2a+f»- l.ftx -. 

Ex. i. 

To find the sum of 14 terms of the series 1, 3, 5, 
7, &c. 

Here a= 1, 5 = 2, n = 14 j therefore, «=2+26 x 1 
= 196. 



* -« 



Ex. 2. .>|^.; 

Required the sum of 9> terms of the series 1 1, 9, 7> 
5, &C. 
In this case a = ll, 6= - 2, w=9; therefore, ^=: 

22«l6x ?=6x ?=27. 

2 2 

Ex. 3. 

If the first term of an arithmetical progression be 
14, and the sum of 8 terms be 28^ what is the common 
difierence ? 



n 



Since 2a + n— l.6x - =^, 



_ 2^ 

2a+w — l.Ä= — 

n 



2s ^ üS'-^an 



«— 1.6= 2a = 

n w ' 

2 Ä — " 2 A 72 

therefore, i = — . In the case proposed, $ == 28, 

W.W - 1 r t: 7 

o xu r L Ö6— 224 7—28 

a=14, « = 8; therefore, 6 = =:i —.— —3. 

' ' 8x7 7 

Hence, the series is 14, 11, 8, 5, &c. 

ON 
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* 

ON GEOMETRICAL PROGRESSION. 

(214.) Quantities are said to be in geometrical pro^ 
gression^ or c6ntinual proportron, when the first is to 
the second, as the second to the thinil, sgid as the 
third to the fourth, &c. that is, when every suc- 
ceeding term is a certain multiple, or part of the 
preceding term. 

If a be the first term, and ar the second, the series 
will be Ä, ar, ar*, ar^, ar^^ &c. 

rjfor a : ar :: ar : «r* :: ar* : ar', &c. 

(215.) The constant multiplier is called the common 
ratio y and it may be found by dividing the second 
term by the first, or any other term by that which 
precedes it 

(21 6.) IfqUantities he in geometrical progression, 
their differences are in geometrical progression. 

Let a, ar^ ar^^ ar^, ar^, &c. be the quantities ; 
their »difFerences, ar — a, ar'^ — ar, ar^ — ar\ ar^ --ar^^ 
&c. form a geometrical progression, whose first term 
is ar - a, and common ratio r. 

(217.) Quantities in geometrical progression are 
^proportional to their differences. 

For a i ar \\ ar ^ a i ar^^ ar :: ar^-^ar : ar^-- 
ar\ &c. 

(218.) In any geometrical progression^ the first 
term is to the third, as the Square of the first to the 
Square of the second. 

Let a, ar, ar\ &c. be the progression ; then a : 






ar^ :: a' : aV. 



Hence 
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Hence it appears, that the duplicate ratio of tvvo 
quantities (Euc. Def. 10. 5), is the ratio of their 
Squares. 

(219.) In the same manner it may be shewn, that 
the first term, is to tHe w+T term, as the first 
raised to the rf** power, to the second raised to the 
same power. 

(220.) If any terms he taJcen at equal intervals in 
a geometrical progressiony they wilt be in geometrical 

Progression. 

* 

Let a, ar...ar^ är^'' ar^^....&c. be the pro- 

gressiön, then a, ar^y ar^''^ ar^'' &c. are attheinterval 
of n terms, and form a geometrical progression, whose 
common ratio is r". 

(221.) If the two extremes, and the number of 
terms in a geometrical progression be gwen, the 
means niay be ßmnd. 

Let a and b be the extremes, n the number of terms, 
and r the common ratio; then the progression is a, ar, 
ar^f ar^ ar"""^ ; and since b is the last term, ar^"'^ 

= J, and r"-'= -; therefore r= - ; and r being 
^ a a ^ 

thus known, the terms of the progression ar, ar^, 

ar^j &c. are known. 

(222.) Tofind the sum of a series of quantities in 
geometrical progression^ subtract thefrst termfrom 
the product of the last term and common ratio, and 
divide the remainder by the äifference between the 
common ratio and unity. 

Let a be the first term, r the common ratio, n the 

number 
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number of terms, y the last term, and s the sum of 
the series : 

Then a + ar'\-af^....'\'ar^^'^+ar^''^^s\ and mul- 
tiplying both sides by r, 

Sub. a+ar'\'ar^ + ar^....+ar^''^ =« 



Rem. — a+a?''*=rÄ-Ä = r- Ix* 
ar^ — a ry — a 

(323.) Cor. 1, From the equation * = — 2^^ — —, any 

three of the quantities, s, r, y, a, being given, the 
fourth raay be found. 

(224.) Cor. 2. When r is a proper fraction, as n 
increases, the value of r", or of ar", decreases, and when 
n is increased without hmit, ar^ becomes less, with 
respeet to a^ than any magnitude that can be assigned; 

and therefore s = 



r— 1 1 — r 

This quantity which we call the sum of 

the series, is the Hmit to which the sum of the terms 
approaches, but never actually attains ; it is however 
the true representative of the series continued sineßne; 
for this series arises from the division of a by 1 — r ; 

and therefore naay, without error, be substituted 

for it. 

Ex. 1. 

To find the sum of 20 terms of the series, 1, 2, 
4, 8, &c. 

H Here 
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Herea=sl^ r=^2, nsSO; therefore, 

/" 2-1 -^ ^• 

Ex. 2. 

Required the suin of 12 terms of the series 64> 16, 
4, &c. 

Here a = 64, r= -, nc=12; tberefore, 

_4^ _ 64x4"- 64 64 4''-l 

* 1_1 ~ 4"- 4" ^ 4" '^ 4-1 * 

4 ■ 

Ex. 3. 

Required the sum of 12 terios of the series l» — 3^ 
9,^27, &c. 

In this case^ a = 1 , r=-3, n=12; 

therefore, ^=: HJ — H— = — — : — . 

- 3 - 1 4 

Ex. 4. 

« -.111 

To find the sum of the series l-r + -^o+ &C' 

2 4 8 

in infinitum. 

Here a= 1, r = ; therefore (Art. 224), 

1 2 

(225.) Recurring decimals are quantities in geome- 

trical Progression, where — , ~, ^^^, Ä^c. is the 

common ratio, accoyding as one, two, three, &c. 

figures 
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figures recur ; and the vulgär firaction^ corresponding 
to such a decimal, is found by summing the series. 

Ex. 5.- 

Bequired the vulgär fraction correqponding to the 
deciiDal .123123123 &c. 

Let .123123123 &c. =r^; then, as in Art. 222, 

multiply both sides by 1000 ; and 123.123123123 &c. 

= 1000^, and by subtracting the fbrmer eqiiation from > 

123 41 
the latter, 123 =9995 ;therefore s= — = ~. 

On PERMUTATIONS and COMBINATIONS. 

(226.) The different Orders in which any quantities 
can be arranged, are called their permutations. 

Thus^ the permutations of a, by c, taken two and 
two together, are ab^ ba, ac, ca, bc, cb. 

(227.) The combinations of quantities are the dif- 
ferent collections that can be formed out of them, 
without regarding the order in which the quantities 
are placed. 

Thus^ aby aCj bc, are the combinations of the 
quantities a, by c, taken two and two; ab and bay 
though difierent permutations^ forming the same com- 
bination. 

(228.) The number of permutations that can be 
formed out of n qaantitieSy taken two and tvoo ta- 
gethety is n,n- 1, taJcen three and three together, is 
n.ii— l.n- 2, 

In n things, a, Ä, c, d, &c. a may be placed before 

each of the rest, and thus form n— l permutations; in 

H 2 \2i\ft 
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tbe same manner, there are n — 1 permutations in which 
b Stands first^ and so of the rest ; therefore there are^ 

upon the whole, n.n — 1 permutations of this kind ab, 
bßy acy ca, &c. 

Again^ of n — 1 things b, C^ rf, &c. taken two and 

two together, there are w- l.w — 2 permutations^ by 
the former part of the article, atid by prefixing a to 

each of these, there are » - l.w — 2 permutations, täken 
three and three, in which a Stands first ; the same may 
be Said of ft, c, d^ &c. therefore. there are, upon the 
whole, W.W— l/w— 2 such permutations. 

(229.) Cor. By following the same method, it ap- 
pears, that in n things, if r of them be always taken 
together, there are n.n- l.w-2.w-3....w — r + l per- 
mutatiöns. 

(230.) The number of combinations that can be 
Jbrmed out of n things, taken two and two together, 

is n. ; taken three and three together, the numbßr 

n- I n- 2 ^ 

IS n. . ^ . 

2 3 

The number of permutations in the first case is 

W.W— 1, but each combination ab, admits of twoiier-"* 

mutations, ab, ba\ therefore there are twice as many 

permutations as combinations, or the number of.qom- 

,. . . w— 1 

bmations is w. . 

2 

Again, there are w.w— l.w— 2 permutations in w 
things, taken three and three together; and each 
combination of three things admits of 3.2.1 permuta- 
tions (Art. 228); therefore there are 3.2.1 times as 

many 
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many permutations as combinations, and consequently 

thc number of combinations is ^'^^"^ '^^"" . 

1.2.3 

(23 1 .) Cor. In the same mannen it appears, that the 
nuonber of eombinatious, in n things, each of which 



contains r of them^ is 



W./1 — l./i- 2...W- r+1 
1.2.3 ...r 



ON THE BINOMIAL THEOREM. 

(232.) The method of raising a binomial to any 
power, by repeated rnultiplication, has before been laid 
down (Art. 117). The same thing may be done much 
more expeditiously by the following general rule, 
which is called the Binomial Theorem. 

Let a? + a be the given binomial ; and ifs w* power 

^^^ \ fi-^ \ n 2 

2 2 3^ 

&c. Wbere the index of a?, beginning from n is di- 
minished by unity, and the index of a, beginning from 
0, is increased by unity, in every sueeeeding term. 
Also, the coefficient of each term is found by mtrlti- 
plying the coefficient of the preceding term by the 
index of x in that term, and dividing by the index of a 
increased by unity, 

* Thus;.Fr^^=a?« + 6aj?H— aV+^:^a3^3 + 

J ^ 2 2.3 

6.5.4.3 . ^ 6.5.4.3.2 . . 6.5.4.3.2.1 ^ ^ . ^ . 
2.3.4 ^ 2.3.4.5 ^ 2.3.4.5.6 »^ T" •* 

+ 16 flV + 20aV + 15aV + 6a'^a? + a®. 

To 
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To investigate tbis tbeorem^ suppose n quäntitiev, 
x+Oy x-^hy x+Cy &c. multiplied together; it is 
manifest that the first term of the product will be x^j 
and that, of*""', x"~% &c. the other powers of x, will all 
be found in the remaining terms, with different com- 
binations of a, b, c, d^ &c. 



Let x-^b.x + c.xA-d. &c. =j^"^+Pj?"-*+Qa:»-* 
+ &c. and x+a.ix! + b.x + c.x + d. &c. = a?** + Ax^"^ 
+ Äa?»-» + &c, then ar+Jaf'^ + Bjir-^'-\' &c. and 

a: + axÄ^^+Pa?^-*+Qaf-^ + &c. or, 

therefore Az=:P + ay S = Q+aP, &c. that is, by in- 
troducing one factor, J7+ 4, into the product, the coeffi- 
cient of the second term is increased by a, and by 
introducing x + b into the product, that coefiicient is 
increasod by ft, &c. therefore the whole value of A is 
a + b-^c + d + kc. Again, by the introduction of 
one factor, x+a, the coefficient of the third term, Q, 
is increased by aP, L e. by a multiplied by the pre- 

ceding value öf A, or by ax b+c+d+kc. and the 
game may be said with respect tö the introduction of 
cvery other factor ; therefore upon the whole, 
B = a.6 + c + rf+&c. 
+ ft.c+rf + &c. 
+ cd + &c. 
In the same manner, ^ 
C=a.b.c + d+kc. 
+ a.c.d+&cc. 
+bx.d+&cc. 
and so on ; that is, A is the sum of the quantities a, 

&, c. 
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b, Cf &c. B 18 the sum of the products of ereiy two; 
C is the sum of the products of every three^ &c. &c. 

het a:szb=sc:sd^kc. then Aj or a+6+c+rf+ 
kc^na; J3=ai + ac + ic + &c.=a'xthe number 
of conibinations of a, h, c, d, &c. taken two and two^ 

n— 1 

= n. — — a* (Art 230) ; in the same manner it ap- 



n- 1 n- 2 



pears. that C=9t, . a^, &c. And j? + a.x + 6. 

^ ' 2 3 

x-i^c.&jc. to n factors=j?+a)''; therefore x+a^ssx* 

This proof applies only to those cases in which n is 
a whole poisitive number ; but the rule holds when the 
mdex is fractional^ or negative. 

im 

Let T+B* == 1 +ax + ftai* + ca? + &c. 
then 1 +y 1* = i + ay + hy'^-^cy^ + &c. 

M __^_^ "• _^^____ 

and, 1+d*— 1 +yl"Äa.a:— y + Ä.a?*-^* + c.x5— y* 

+ &C. 

Assome l+i?=ii;*, and l+y=t;*> then ti;"-v*a 

a?-y, 1 4- al^= ti/^, 1 + y)^= y^ , h ence, 

u^ - tf» Ä a-jT^ + i.x* - y* + CsJ!?* -- y^+ &c. 

and =sa + i. ^ +c. :i- + &a = a + 

ii;/«-!;» x—y a?-y 

t^ +y 4- c,a?* + j?y + y* + &c. (Art. 87. Ex. 5) ; or, 
dividing the numerator and denominator of the frac« 

tion ■ by their common measure u; — 1;, we hare 

nr-'^-ur-'v+^ -'v' +t>"-;.(m) _„, 1.777. 

io»-'+to— *t>+a;»-*t>* +v— (n) ^^ 

4 €7» 
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c^*4-a?y+y*+&c. Now let a?=y, then w=zv, and 
* the equation becomes —7- = ( -= )a+26x+ 

And multiplying by ti;'*= l+a:, 






— .21;'* = 



a + 2 6 1? + 3 CO?* + &c. f 
+ aa? + 2ftj?' + &c.3 



m _ m vr w 



n n n 



m 



therefore—. l+aa:+6j:^+CÄ:^+&c. = « + 2fta? + 3cx'+&c- 

+ a j? + 261?* + &c. 

And since these must form the same series. — =a; 

n 



m m 
— . 1 

— .a = 2o+a, or6= ; — .ö=3c + 2o, and 3c 

n 2 n 



mm m 
^.-- 1 .' — 2 



« !1^-2.J, or c = iiJ:^ !L ; &c. Nearly in 

n ^ 2.3 '^ 

the same manner, the proposition may be proved when 
— IS negative.* 

Ex. I. 



* See Encyclopaedia Britan. vol. I. page 651. 

It may not be improper to State« briefly, the nature of the proof 
alluded to in former Editions of this Work^ as the principle 13 of 
extensive application. 

It is usually taken for granted^ and may without much difilculty 
be proved, that whether r is positive or negative, whole or frac- 

tional, I-f ar|'^ may properly be expressed by l+aa?+i>j?*4-cjr'-f 
kc, where a, b, c, &c. are definite magnitudes^ not dependent on 

the 
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Ex. 1. 



FTFl"=a'«xl+^' 
' ar 



^ ,„ x^ »-1 x^ 

= a*''.l+w.- +w. . — + 

a* 2 r«* 



&c. = a"«+n«''*-^a^+n.^— !^.a'''-*x* + &c. 



Ex. 2. 

l+cr| ''=l-7/.r+».-— — 0?* — n.— — .-— -x'+Scc. 

Ex. 3. 

1 ' 11 

, --1 , --1 --2 

l+a?| =1 + -^+-.-— -a?*+-.— — .— — -a:»+&c, 

n 91 2 > n 2 3 



1 w-1 ^ , w- 1.2W- 1 , ^ 
n 2n^ 2.3.n^ 

Ex. 4. 



•; v-JL 1 n+l . W + 1.2W + 1 ,.0 

w 2«* 2.3.n^* 

(233.) Cor. 1. If either term of the binomial be 
negative, ifs odd powers will be negative (Art. 114) ; 

and 



r— 1 
the value of x. Let a = i'+z, ä = r . — ^— 4- »> then, as appears from 

what has been proved before (p. 1 1 S), when r is any whole posi- 
tive number, a=r, and z=0; that is, z=0 when ris I, 2, 3, &c. 
or 2 contains the factors r— 1, r— 2, r— 3, &c. in inf. (Art. 269) ; 

woaM^M— >_B.^-»i_ .»_a_M ^ 

hence^ 2 = ö . r — l . r— 2 . r— 3 • &e. in inf., which cannot be ex- 
pressed in finite terms ; consequently« r-f-z cannot be expressed in 
finite terms oinless % that is, unless 2=0; and since we know that 
a, or r+29 may be expressed in fioile terms, it follows that 2=0, 

and that a=r. In the same manner it appears that ^ = r . , &c. 
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/ 

and consequently the signs of the terms^ in which 
those odd powers are found^ will be changed. 

Ex. 5. 

^^^^••=0*»- »a*'*-*a?»+w. ^^a'^^-^j^ 

(234.) Cor* 2. If the index of the power, to which 
a binomial is to be raised, be a whole positive number, 

the series will terminate. because the coefficient n. . 

2 . 

Wi— 2 

— ; — , &c. will become nothing, when it is continued 



to n 4- 1 factof's. In all other cases the number of 
terms will be indefinite. 

(235.) Cor. 3. When the index is a whole positive 
number, the coefficients of the terms taken backward, 
from the end of the series, are respectively equal to the 
coefficients of the corresponding terms taken forward, 
from the beginning. 

Thus, \fa+xhe raised to the 8'^ power, the co- 
efficients are 1, 8, 28, 66, 70, ö6, 28 , 8, 1. 

In general, the coefficient of the n+ 1* term is 

nM -Ln- 2 3.2 . 1 , ^, a: • . ^ 

' — = — » 1 . 1 he coethcient of 

1.2.3 n — 2,w.-"l.w 



the n^ term is ■■ . — w ; of the 

1. 2. 3 W-2.W- 1 



— : — -th ,^ w.»— l.w- 2. . . .3. n.n—l A 
n- 1 term, — «==r = V:^ i; &c. 

1. 2. 3 n- 2 1.2 

(236.) Cor. 4. The sum of the coefficients 1 +w + 

n. — r-+&c- IS 2". 

2 ' 

For 
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For if a?==a= 1, theni+a]*ar+T|'*==2'*= 1 + 11+ 

n.— — + &c. 
2 

(237.) Cor. 5. Since 

2 

^ 1 

and j?- ar=^— wöJ^"'+w. — :— o*a?^*— &c. 



«-1 



by addition^ x+aT + Äf-aP = 2.a?* + 2.».—-- a^jj^""* + 
2 2 



By subtracting one series from the other, ! L 

2 

^ - »—1 n- 2 .^ . -, 
= waj?" '+w. . -— — €ra;^^ + &c, 

2 3 

(23 a-) The trinomial a + b+c may be raised to any 
power by considering two terms as one factor^ and 
proceeding as before. 

Thus, a+Ä+cp=a» + w.6+c.fl^*+«. \b + c\\ 

ßW-a + &c. and the powers of 6 + c may be determined 
by the binomial theorem. 

The theorem by which a multinomial may be raised 
to any power, is given by Mr. Demoivre, Analyt* 
page 87. 

ON SURDS. 

(2390 -^ quantity may he reduced to theform ofa 
given surdy by raising it to the power whose root the 
mrd expresses, and affixing the radical sign. 

Thus^ 
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Thus, a = ^a* = ^/c^, &c. and a+x = a+xp. In 
the same manner, the form of any surd may be altered; 

thus, a + ^ ^ = a+^ = a + ^l '^ &e. The quantities are 
here Taised to certain powers, and the roots of those 
powers are again takien, therefore the values of the 
quantities are not altered. 

(240.) If tivo surds have the same index, their 
product is Jbund hy taJnng the product of the qtian- 
tities under the signs, and retahdng the cmnmm 
index. 



Thus, anxh^^oFr (Art. 124) ; ^x ^3 = ^/6; 



(241.) If the surds have coefficients, the product of 
these coefficients must be prefixed. 

Thus, asj X X hsjy = a b,Jlcy. 

(242.) We must observe that ^y - a* X ^/ — a*, er 
the Square ofy/^ a*, is — a% because it is that quantit]^ 
whose squjire root is zu/ — a*. 

Cor. Hence, j? — a + ^/ -i*x o? — a-;^ - 6*=x* 
— 2aÄ? + a* + 6*. 

(243.) Ifthe indices oftwo surds^ have a common 
denominatory let the quantities be raised to the 
powers expressed hy their respective numerators, and 
their product may be Jbund as before. 

Ex. 2^ X 3"^=: 8"^ X 3^ ="24]"^ ; also a +xY X ä - x\^ = 

a+x.a'-x] I . 

(244.) Ifthe indices have not a common denomi- 
nator, they may be transformed to others of the same 

väluey 
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value, with a common denominator, and their product 
Jbund OS in Art. 243. 

Ex. «•-a?'rxa-a:l'' = a'-ar*)*xa-J?|* = 

a*- j?*xa — xTr; again, 2t x 3^ = 2^x3^ = 8 x9\^» 
(See Art. 239) 

(245.) Iftwo surds have the smme rational quan- 
tity under the radical signs^ their product i$ found hy 
making the sum qf the indices the index qf that 
quantity. 



m 



n 



m-^-n 



Thus, c^x (f'^a^^x a/^» (Art. 239), =a'^" ; (See- 
Art. 124.) 

Ex. 2. v^x4/2 = 2^+^ = 2^ 

(246.) Ifthe indices qftwo quantities have a com^ 
mon denominatovy the quotierU of one dhnded hy the 
other is obtained hy raising them, respectively, to the 
powers expressed hy the numerators of their indices, 
and extracting that root of the quotient which is cx- 
pressed hy the common denominator. 



a^ a 



n 



tTH 



j fl» a' 
and — j = 

6« 6^» 



m 



a 



(Art. 125.) 



Ex. 4-^-^2^=- 

8 



-r \ ^ h r «• ps^Y 
"7^' 7j\ ^^1 '^q?\ 



(24 7.) If the indices have not a common denomi- 
.natoTy reduce them to others of the same vaJue, with 

a common denominator, and proceed as before. 

« 



3 
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(248.) Iftwo sitrds have the same rational quantUy 
under the radkal sign^y their quotient is ohtained kg 
fnaking the difference ofthe indices, the index oft hat 
guantitt/. 



«Mt 



Thus^ a** divided by a*, or a«« divided by a^ 



tn 
0^ m^n 



(Art. 239), that is — ;j' , is equal to a «* ; because these 

a^ 

quantities^ raised to the power mn, produce equal results 



a*» 



~ and a'""^ 



a" 



Ex. 2. 2^ -f- 2^ = 2^ -i- 2^^ — 2^. 

(249.) The coefficient of a surd may he introduced 
under the radical sign, hy ßrst reducing it to the 
form of the surd, and then vmltiplying as in Art. 
240. 

Exs. a >>/jr= x/ ö* X tjlc ^=z^ a^x ; ay^ = (C'iff 

4^=x/l6x 2 = V^- 

(250.) Conversely, any quantity may he made the 
coefficient of a surd, if every part under the sign he 
, divided hy this quantity raised to the power wkose 
root the sign expresses. 

Thus, ^J o^-ax = a^ X tj a - x\^ a^ - a*j? = asj a-^te^ 



'-r^X 3. X^ 






n 






11 

6* a;' 



=1^*~?'^~*'^^^^~** 



(251.) When 
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(36 1 •) ff^hgn surds have the same irrational pari, 
their sum or difference is ßmnd hy affixing the sunt 
or difference of their coefficients to that irrational 
pari. 

(352.) The Square root of a quantity cannot be 
fßrtly rational and partly a quadratic surd. 

IfpossiUe^ \et i^/n^^a-^ ^mi tiien by squaring 
both sides^ n = a* + So^/m + m, and 2asjm=: n - a^-^mi 

therefore, ^/m = — , a rational quantity, which 

Jt a 

is contrary to the supposition. 

(253 .) In any equation x + ^y = a + ^^b» consist- 
ing of rational quantities and quadratic surds, the 
rational parts on each side are eqtial, and also the 
irrational parts. 

If 0? benotequalto a, let x = a + m; then a + m 

+Vy = ö+N/*>o^ ^ + n/3^=\/*5 that is, ^b is 
partly rational and partly a quadratic surd, which is 
impoBsible (Art 252); therefore x^a, and conse- 

quently ^y=z^ b. 

(254.) Tf two quadratic surds ^fx and >/y, can-- 
not be reduced to others which have the same irrational 
part, their product is irrational. 

If poftsible, let \/lcy = rx, where r is a whole num- 
ber or a fraction. Then xy = r V, and y=r^x; there- 
fore ^/y =rx/^, that is, \/y and a/^ may be so 
reduced as to have the same irrational part^ which is 
contrary to the supposition. 
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(355.) One quadratic surd, ^x^ cannot be made up 
qf tux) others, ts/m and \/n^ which have not the same 
irrational part. 

If possible^ let^^=>>/m+\/w; then by squaring 
both sides, j?Äm+w + IsJ mn, and j?-r- m-^n^ 2^ mn^ 
a rational quantity equal to an irrational one (Art. 
254) ; which is absurd. 

(256.) het a+bh =ax + y, where c is an even num- 
her^ a a rational quantity y b a quadratic surd, x and 

y one or both oftheniy quadratic surds^ then a— bl^ 

= x-y. 

c — 1' 

By involution, a + hs^af+cxf^^y + c . j:'-"^ + 

c ; — — - . — r— x'^'^y^ + &c. and since c is even^ the odd 

terms of the series are rational^ and the even terms 

c 1 

irrational; therefore a = ^''+c. a^^'-y+Äc. and 

6=:ca?'"'3^4-c.^^.^^i?'^-y + &c. (Art. 253); 

2 > 3 

hence, a-ftrro?' — cx'~'2/ + c. .r'^" V — c. .^ 

•^ 2 •^ 2 3 • 

x^-^y^ + &c. and consequently a — b\'':=zx — y. 

(257.) Ifchean oddnumbery a öfwfi? b, owe or both 
quadratic surds^ and x and y involve the same surds 

that a and b do^ respectively y and also a + bl^=x+y, 

then a- b| ^ = x - y . . 

By 
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• C— 1 

c. . — — of ""^ + 8tc, where the odd terms in- 

volve the same surd that x does, because c is an odd 

ff 

namber, and the even terms, the same surd that y 
does ; and since no pai[t of a can consist of y^ or it's 

parts (Art. 355), az=iof'\'C. ^^^"V +&c. and Ä = 
caf"'y+c.-— -. of-^y^ + &c. hence, a-h^of-- 

therefore, by evolution, a-^by =x^y. 

(258.) TÄe Square root ofa hinomial, one ofwhose 
factors is a quadratic surd^ and the other rational^ 
may sometimes he expressed by a hinomialy one or both 
of whose Jactors are quadratic surds. 

Let a + ,^/l) be the given binomial^ and suppose 

wa+\/b=x +y, where x and y are one or both 
quadratic surds ; 

then s/a-^l^X'-y (Art. 256), 
by multiplication ^a*- 6=^?*— y*, 
also, by squaring both sides of the first equation, 

and a^^x'+y'' (Art 253), 
byaddition, a+^a*- b:=2x'. 



by 
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by subtraction^ a•^^/a^^=2y^ and the-roota?+y 

2 2 * 

From this conclueion it appears^ that the ^uare 
root of a + \/^ can only be expressed by a binomial 
of th€ form x+^i one or both of which are quadratic 
surds, when a* — 5 is a perfect square. 

The values of x and v are d= y ö + n/^^ and 

2 

=t V ^^y^ — • . there are therefore four different 

2 

values of x -j-y ; two of which were introduced in the 
Operation (See Art. 149), and will not answer the 
conditions of the question. 

Ex. 1. 

Required the square root of 3 + 2 a^^. 

In this case, a = 3, ^/T=2/^/^ and a* — Ä = 9~ 8 

= 1 ; hence, x^ \/t^ ^ ^^ and y = \A|i 
== 1 ; therefore, x +y =\/2'+ 1 . 

Ex. 2. 
Reqiiired the square root of 7 — 2 a^IO. 
Here,a = 7,^T= 2^/lo,a*- J = 9; hence,a?= \/ ^i^ 

> 2 

= ^/F, and y = V ?-^ = ^"2 ; therefore, x-y = 

V T- ^2^ the root required. 

Ex. 3. 



Ex. 3. 

Required the Square root of 4 v - 5 - 1. 
Here,a= - 1,^"ä = 4v^-5, a*-6=81 ; hence,x = 

V ^* ^^ ^ = ^. a»d y = V^~^ = V^ - 5 ; and the 

root required is 2 + x/ — ö. 

(209.) TAe c* roo/ o/a binomialy one 0?' ioM o/* 
whose factors are possible quadratJc surds^ may sonie^ 
thnes be expressed hf a hlnomial of that descHption. 

Let -4 4- 5 be the given binomial surd, in which 
both terms are possible ; the quantities under the 
radical signs whole numbers ; and A is greater than B. 

Let ^^/'A+B\rj^=zx+y 

thert: yA^Bxs/Q =^-!/> (Art. 257) ; 
by iBult. ^> - JB* X Q = Ä* -- / ; let Q be so 

assumed that A^^-B^x Q may be a perfect d^ power 
s=:w% then «*— y*=7i. 

Ao*ain, by squaring both sides of^he two first equa- 
tions, we have 

^A+B{^xQ=^x' + 2xy +y^ 



hence :J A'+BY x a + ^HTn^'' x Q = 2x^^+ 2if 
which is always a whole number when the root is a 
binomial surd ; take therefore s and t t he nearest in- 

teger values of \/j+B\^xQ and n/^-ä^xQ, 
one of which is greater^ and^ the other less than the 
tme value of the corresponding quantity ; then since the 
sum pf these surds is an integer, the fractional parts 
must destroy each other, and 2a?^ + 2^* =^ + 1, exactly, 

I 2 when 
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when the root of the proposed quantity can be obtained. 
We have therefore these two equations 

- _ ^ s+t 2n+s+t 
therefore, 2^*=»+ -— = 

^ 2n+Ä+* 
X == — — — — 
4 



also, ^j/^ = 



2 
^+/ — 2w 



j AyA + # — 2n. 
•^ 2 

therefore, if the root of the binomial 4/a+Bx ^"Q 

be of the form o. +3/, it is n/2/^+^ + ^4- V^-h/- 2n; 

and the &^ root of u;^ + jB is ^^^ 2c r^ ' • 

Ex. 1. 

Required the cube roöt of 10 + >^108. 
In this case, ^ = vTo8, Ä-10; ^*- 5^=8, and 
8 Q = w^ ; if therefore 0=1, w = 2 . Also, 

</'7TW=^7+fi and 4/^--Är=l-/ where 
y* is some fraction less than unity; therefore ä=7> 

#=1 ; and ^ + 2/= >/i|±i = ^F+1. 

If therefore the cube root of 10+*,^/7o8 can be 
expressed in the proposed form, it is ^T+ 1 ; which, 
on trialj, is found to succeed. 

Ex. 2. 
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Ex. 2. 

Lct the cube root of 1 1 + 5y/Y be required. 
Here, A:=^b J^^ jB=ll, ^ — JB' = 54; thereforc 
54Q%=n% and if Q = 4, n^ = 2l6, and n = 6. 

or^=13, ^=3; hence, a?+y = <i^ = ^7 + 1> 

and the quantity^ to be tried for the root, is ^ * ^mm . 

\ 

Ex. 3. 

' To find the cube root of 3 -y/y+S ,y/37 . 

Here, A=2>s/T» B=.3 sJT, A'-B'^ii; hence 
Q = 1, and n = 1. Also, ^/T+W= 4 +/; ^A-^^ 

= 1 -/; or * = 4, ^= 1 ; and x-\^y=dl±^^ the 

quantily ta be tried for the root^ which is found to 
succeed. 

(260.) In the same manner, the c^ root oiA - jB, is 

V2n+^ + #-Ay* + # — 2w. ... 1 , 

^ 5j^= ; m whicn expression, when 

A is less than B^ n is negative. 

(261.) In the Operation, it is required to find a num- 

her Q, such, that A^- B*x Q may be a perfect &^. 
power ; this will be the case, if Q be taken equal to 
j^ — J3»j«-' ; but to find a less number which will 
answer this condition^ let -df* - jB* be divisible bya, a, 

..... (m) ; Ä, Ä, . . . . (n) ; dy d, • (r) ; &c. in 

succession^ that is, let A*-B*=: O^ l^ d^ &c. also let 
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Qraia^iy J= &c. then jt - B\ = «'«+^ x 6"+^ x rf^^*- 
&c. which is a perfect d^ power, \i x^y^ z, &c. be so 
assuflned that m+ar, w+y, r + «, are respectively equal 
to c, or some multiple of c. Thus, to find a nunaber 
which multiplied by 180 will produce a perfect cube^ 
divide 180 as ollen as possible by 2, .3^ 5, &c. and it 
appears that 2.2.3.3.5 = 180 ; if, therefore, it be mul-; 

tiplied by 2.3.5.6, it becomes 2^.3^.5^ or 2.3.5]^; 
a perfect cube. 

If the index of the root to be extracted be an even 
number, the square root may be found by Art. 258, 
when it can be expressed by a binomial of the same 
description ; and if half the index be an even num- 
ber, the square root may agäin be taken, and so on, 
until the root remaining to be extracted is expressed 
by an odd number. 

If A and B be divided by their greatest common 
measure, either integer or quadratic surd, in all cases 
where the c* root can be obtained by this method, Q 
will either be unity, or some power of 2, less than 2*". 
See Dr. fVarings Med. Alg.p. 28^. 



THE END OF PART I. 
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PART IL 



ON THE NATÜRE OF EQUATIONS. 

(262.) Any equation, involving the powers of one 
tmknown quantity^ may be reduced to the form 
jif— |ia;*"* + ya?*"'*- &c. = ; where the whole ex- 
{Nressioti is made equal to nothing, the terms are 
arranged according to the dimensions of the unknown 
quantity, the coefficient of the highest dimension is 
unity, and the coefficientsy p, q^ r, &c. are afiected 
with their proper signs. 

An equation, where the index of the highest power 
of the unknown quantity is n, is said to be of n 
dimensions ; and in speaking simply of an equation of 
n dimensions, we understand one reduced to the above 
form, unless the contrary be expressed. 

, (263.) Any quantity, sT -/^a?"-' + y^""*... + Px-Q^ 
may be supposed to arise from the multipUcation of 

X'-^a^'^b.X'-c. &c. continued to n factors, 

For, 



«Mta 
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For, by actually multiplying the lactors together, 
we obtain a quantity of n dimensions^ similar to 
the proposed quantity, af^-px^"^ +qaf*''^- See. and 
if Uj b, Cj &c. can be so assutned that the coefficient» 
of the corresponding terms in the two quantities^ 
becQme equal, the whole expressions coincide. And 
these coefficients may be made equal, because we shall 
have n equations, to detcrmine the n quantities a, b, 
c, d, See. (See Art. 145). If then the quantities, 
a, by c, rf, &c. be properly assumed, the equation 
jj« - px""'^ + qs^^'^ — &c. = O, is the same with 

0? — a.ii? — i.x — c. &c.=0*. 

We cannot suppose oif-'pjf'^ + ya^""* — &c. to be 
made up of more, or fewer, than n simple Factors ; 
because, on either supposition, the result would not be 
of the same number of dimensions with the proposed 
quantity. 

(264.) The quantities a, 6, c, d, &c. are called 
roots of the equation, or values oi x\ because, if any 
one of them be substituted for x^ the whole expression 
becomes nothing, which is the only condition pro- 
posed by the equation. 

(265.) If 

■ PI ■ ■■ ■ ^ ■— .—i.^ 1*1 ■ ■■■■1^1 m^m I ■■■■■■ ■■!■■. ■ I ■! I — ^a^^ — — — ^— ^b— ■■ » i p w i» ■■ ■ — 

* This proof, which is usually given, is imperfect; for if the 
n equations be reduced to one, containing only one of the quan- 
tities, a, this equation is a**— pa^~*+^a"-^— &c. =0, which 
exactiy coincides with the proposed equation; in supposiog there- 
fore that a can be found, we take for granted the proposition to be 
proved. The subjoct häs exereised the skill of the most eminent 
algebraical Writers, but their reasonings upon it are of too abstruse 
a nature to be introduced in this place : The Learner must, at pre- 
sent, take for granted, that an equation may be made up of as 
man}' simple factors- as it has dimensions ; and when he is farther 
advanced in the subject, he may consult Dr. Waring's Algebra^ 
page 272; PhiL Trans, 1798, page 369 ; and ' Demonstratio Nova/ 
C. F' Gauss, Helmstadt, 1799. 
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(266.) Ifthe signs ofthe terms ofan equation be 
all positive^ it cannot have a positive root ; and if 
the signs be altemately positive and negative ^ it can- 
not have a negative root. 

If jr*+pa:"~* + ya?"~*+&c. = 0, and any positive 
quantity^ a^ be substituted for x, the result is posi- 
tive ; eonsequently a is not a root of the equation. 

If af*-2?x"~^ -I- ga?^"* — &c. =0, and a negative 
quantity, — a, be substituted for Xy when n is an odd 
number the result is negative, and when n is an even 
number the result is positive ; therefore - a cannotj 
in either case, be a root of the equation. 

(266.) Even/ equation hos as many roots as it has 
ümensions. 



If x^'-paf^'^ + yj?"*"* + &c. 5= 0, or ar-ö.ar- 



a: - c. &c. to n factors = O ; there are n quantities, a, 
i, c, &c. eaeh of which, when substituted for x, 
makes the whole =0, because in each case one of 
the factors becomes = O ; but any quantity difierent 
frÖm these, as e/ when substituted for x, gives the 
product e — a.e- 6.e- c. &c. which does not vanish, 
/ because none of the factors vanish ; that is, e 
will not answer the condition which the equation 
requires. 

(267.) When one of the roots, a, is obtained, the 

^mm^i^mmmm^^mm ^^mmmm^m^mm ^m^m^mm^mmm 

equation x-a.x—h.x^-c. &c. =0, or x'^ -' p-x^"^ + 
jif*" * - &c, = 0, is divisible by a?-a, without are- 
mainder, and is thus reducible to x-^b.x-c. &c. = 0, 
an equation one dimension lower, whose roots are fr, 
c, &c. 

Ex. One root of the equation y^-^-l^iO, is- 1, 
or j^ + 1 = O, and the equation may be depressed to a 
quadratic, in the following manner : 
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y+iy+j(y»-y+i^ 

* a 

-y-y 



+y+i 



Hence, ihe other two roots are the roots of fhe 
quadratic y* — y + 1 = O. 

If two roots, a and b, be obtained, the equation is 

divisibk by ü - a.x - b ; and thus it may be reduced 
two dimensions lower. 

Ex. Two roots of the equation a^ - 1 = o, are + 1 
and - 1, or op - 1 =0, and x+ 1=0; therefore it may 

be depressed to a biquadratic by dividing by x— 1. 

x+l, or by jr*— 1. 

OJ^ — 0^ 






a?*— 1 



ttence, the equation a?*+a?^+l=:0, contains thö 
other four roots of the proposed equation. 

(268.) Conversely, if the equation be divisible by 

x-a, without remainder, a is a root ; if by x — a» 

x^by 
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X'-rb, aand b are both roots; &c. Let Q be th« 
quotient arising from the division, then the equation ig 

Oß^a.x-^b. Q = 0, in which, if a or 6 be substituted 
for ar, the wbole vanishes. 

(ßß9') Cor. 1. If a^ b^ c, &c. be the roots of au 
equätionj that equation is x-a.x-b.x-^c. &c.=:0. 
Thns^ the equation whose roots are 1, 12^ 3 » 4, i^ 

ar-^l.j?— 2.i?-3.Ä?— 4x=0; or jc*— IOij'+SSä;*- 5(Xr 
+ 2A='0. The equation whose roots are 1^2, änd 

— 3, is 0?- 1 .X- 2.a?+3 = 0; or, a:'-7x + 6=0. 

(370.) Cor. 2* If the last term of an equation 

vapish^ it is of the form a^— ;?af ""' + 5'j;^""* Px 

= 0, which is divisible by x^ or ai-o, without re- 
mainder ; therefore, is one of it's roots ; if the two 
last terms vanish, it is divisible by o?*, without remain- 
der, er by X - o .a? — 0, that is, two of it's roots are o ; &c. 

(271.) The coeffident of the second term of an 
equation, with it*s proper sign, is the sunt of the roots 
with their signs changed; the coeffident of the third 
terniy is the sum of the products of every two roots 
with their signs changed ; the coeffident of thefourth 
term, is the sum ofthe products of every three roots, 
with their signs changed, Sgc. and the last term is 
the product of all the roots, with thdr signs changed, 

Let a, b, c, &c. be the roots of the equation ; then 

^^fmi^mK^m^m^ m^^t^m^^^^am» ^m^i^^i^m^mm^ 

X" a.x-^b. x^c. &c. = 0, is that equation ; and by 
Art. 232, it appears, that when these factors are mul- 
tiplied together, the coefficient of the second term 
is the sum of the quantities - a, -b, - c, &c. the 
coefficient of the third terra, the sum of the pro- 
ducts of every two, &c. and the last term, which 

does 
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does not contain Xy is the product of all those 
quantities. 

(2/2.) Cor. 1. If the roots be all positive^ tbesigos 
of the terms will be alternately + and - . For the 
produGt of an odd number of negative quahtities is 
negative^ and of an even number^ positive. But if the 
roots be all negative., the signs of all the terms will be 
positive, because the equation arises from the multi- 

plication of the positive quantities x -f a . x-j- 6 . x + c. 
&c. 

(273.) Cor. 2. Let the roots o^ the equation x* — 
pjr~\ . . +Pj?*- Qx + Ä — O, be a, 6, c, d, &c. then 
R=äbcd (n) ; Q^bcd {n- 1) +acd (n- 1) + abd 

Q 1 1 1 

(n- 1) + &c. and -r = - + •;+ - +&c. that is. the 
^ ^ Rabe 

coefficient of the last terra but one, divided by the 

last term^ is the sum of the reciprocals of the roots. 

In the same manner. »=-7 + — H — j'^ 7r"^ Tj'^ ~j 

R ab ac ad bc bd cd 

+ &C. 

(274.) Any equation, it has been observed, may be 
conceived toarise from the multiplication of the simple 

factors x — a.x - b.x c, &c. or by taking two or more 
of these together, it may be supposed to arise from the 
multiplication ofquadratic, cubic, &c. factors, ifthe 
dimensions of- these factors, togethcr, make up the 
dimensions of the proposed equation. 

Thus, a cubic equation miii^ik supposed to be the 




product of three simple factors, x^a.x -h.x- c — 0; or 



of a quadratic and a simple factor, a?^ --px+q x o? - c = O. 

(275.) If 
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(^70 •) Jfihe caefficientSj in any equationy he whole 
numbersy the equcUion carmot have ajractional root 

If possible^ let 7 , a fraction in it's lowest terms^ be 
anoot of tbe equation ä^— />j?"'"* + 5'a?*"*— &c.=sO; 

then j- — "jn-i + ^^4-^ — &c. = 0; and by transpo- 






a» 



qd^^^h + &c. that is, -r , a fraction in it's lowest 

terms (Art. 190. Cor. 2), is equal to a whole num- t 

ber^ which is absurd ; therefore 7 is not a root of the 

equation. 

(276-) The roots flf, &, c, &c. of an equation are im- 
possible, when, as is frequently the case^ they involve 
the Square root of a negative quantity. 

(277«) Ifnpossible roots enter equations hy pairs. 

Ifa+V— *' be a root of the equation af'—px^'^ 
+ &c. = O, then a - \/ — 6*^ is also a root. 

In the equation^ for x Substitute a + ^/ —0% and 
the result will consist of two parts, possible quantities^ 
which involve the powers of a and theeven powers of 

^y —6% and impossible quantities, which involve the 
odd powers of ^—V ; call the sum of the possible 
quantities A, and of the impossible B, then ^ + 5 is 
the whole result. Let now, a - >v/, — A*, be substituted 
for Xy and the possible part of the result will be the 
same as before^ and the impossible part which arises 

from 
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frotn tbe odd pöwers of - \/ — ä^, will only diflfer 
from tbe former impossible patt in ifs sign ; tberefom 
tbe result is ^A — B ; and since by tbe supposition 

fl+\/"--^ is a root of tbe equation^ -^ + JB=:Oi in 
whieb, as no part of A caa be destix)yed by By j4=^0 
andjB=0; tberefore A-^BzzzO, that is, tbe result, 

arising from tbe. Substitution öf a — ^—b^ for x, in 
notbing ; or a — v — 6* is a root of tbe equation. 

The trutb of tbe proposition is also manifest from 
tbis consideration, tbat if x*-mx + w = be a qua^ 
dratic factor of tbe equation (Art. 274), two values 

Ol X arc ^ , and ^^— • whicn are 

2 2 

eitber botb possible, or botb impossible. 

(278.) Cor. 1. Hence it foUows, tbat an equation 
of an odd number of dimensions, must bave, at least, 
one possible root ; unless some of tbe coefficients are 
impossible, in wbich case tbe equation may bave an 
odd number of impossible roots. 

(279.) Cor. 2. By tbe same mode of reasoning it 
appears tbat, wben tbe coefficients are rational, surd 

roots of the form + \/ Ä, or a i v Ä, enter equation§ 
by pairs. 



ON THE TRANSFORMATION OF 

EQUATIONS. 

(280.) Ifthe signs of all the terms in an equation 
he changedy ifs roots are not aUei^ed. 

Let 
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Lrtx— a.x — i.x—c. &c.=0; then— jp— a.a? — 6. 



s—c. 8üc vanishes when a, b, c, &c. are "substituted 
fer';r. 

(281.) If the signs qfthe altemate terms j begin- 
nmg wUh the second, be ckanged, the signs of all the 
roois are changed. 

Let j;^— />J5*-'-5rjf~*+&c. = O^ be an equation 
whose roots are a, b, — c, &c. for x Substitute — y^ 
and, when n is an cven number, y*+/?y""* - 5^^*"* — 
&c.=0; but when n is an odd number^ ~y*-"/^y*"* 
4-5fy^"'*+&c.=»0, er changing all the signs (Art. 

280), y* +J»y*'"' - ?i/*"* - &c. = o, as before ; and 
sinee jpä — y, er y = - x, the values of y are —a, - b, 
+c, &c.^ 

Bx. Let it be required to ehange the signs of fhe 
xoo^ of the equation x^ - qx+r=:0. 

This equation with all it's terms is x^ + o^qx + r 
=5 0; and changing the signs of the alternate terms, 
we haTe a?^ — o— j'j? — r = 0, or a?'— yj?-r = 0, an 
equation whose roots differ from the roots of the 
fornier, only in their signs. 

(282.) 7b transform an equation into one whose 
roots are greäter, or less than the corresponding roots 
ofthe original equation^ by any given quantity. 

. Let the roots of the equation x^ --px^ + qx-^r^ O, 
be o, &, c ; to transform it into one whose roots are 
Ä + e, 6 + e, c+e. 
Assume a?+e=y, or j?=y — e; then, 

— ^a?*=a — j»y* +2p^— 

+yx = + qy 

In 
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In this last^quatioD» since y=iX + e, the valiie$ of ^i 
yare 6H-e, b + e, c+e. ^ • 

If ^ + e be substituted for Xy the values oft/ in the : 
resulÜDg equation will be a— e, J— e, c— e. 

(283.) In generale let the roots of the equation 
af — J9a?""*4-9x*~'* — &c, =0, bea, i, c, &c. Assume 
y = X — e, ov X =y + €, and by Substitution, 

72—1 



.n— I 



&c.= &c. 

and since y = j?- c, the values of y, in this equation, 

are a - c, J - e, c— e, &c. 

Wemay observe, that the last term of the trän sformed 

equation, c'*-/?e'*~'+9^'""*-&c. is the original quan- 

tity, with e in the place of x ; the coefficient of the 

last term but one, with it's proper sign, is obtained by 

multiplying every term of e'*-pe''"'' + g'e""'" — &c. by 

the index of e in that term, and diminishing the index 

by unity ; the coefficient of the last term but two, 

^""1 . 2 w— 2 , » n — S _ .o 

n. e" — w- 1. üe*""3+w— 2. öe ^*&c. is 

2 2 ^ • - 2 ^ 

obtained in the same manner from the coefficient 
of the last term but one, dividing every term 
by 2 ; &c. 

(284.) One use of this transformation is, to take 
away any term out of an equation. Tlius, to trans- 
form an equation into one which shall want the second 

term, e must be so assumed that iie-» = 0, or 6 = - 

(where p is the coefficient of the second term 

with 
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with it*s sign changed, and n the index of the highe9t 
power of the unknown quantity) ; and if the roots of 
the transfonned equation can be found, the roots of 
Üie original equation may also be found^ because 

P 
^ n 

Ex. 1. Let Ä*— /;x4-5 = bethe proposed equa- 
tion. Assume jp3Bti-|- ^, then 



«V =0, 



P 
-px^ -py- |- 

_. ^ - +5=0; hence; y*= ~r — ^t and y = ± 
yBl^q; therefore ^= ^ ± V ~ ?• 

4 2 4 

Ex. 2. To transform the equation a?'-9x*+7^ 
+ 12 = into one which shall want the second term. 

Assutne j?=y+3, then ^ 

- 9^' = - 9/ - 543^ - 81 r^ 

+7^ = + 73^ + 21'^ 

+ 12 = +12 

Jthat is, y^— 20y -21=0; and if the values of y be a, 
i, c, the values of j? are a+3, 6+3 and c+-3. 

(285.) To take away the third term of the equation, 

w— 1 ' - 

€ must be so assumed, that n.— ^e* — w - 1 ./?e + j =» 0» 

^ K In 
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In this case we shall have a quadratic to solve ; and in 
general, to take out the m* terra, by this method, 
it will be necessary to solve an equajtion of m — 1 
dimensions. ^ 

Ex. To transform the equation x^ — 6a?*+9^"^ 
= iuto one which shall want the third terra. 

?t "~ 1 
Here w = 3,j!?=o and 9 = 9; thereforew. ^e*— 

n— \.'pe-\-q=0 becomes 3e*- 12e"4-9 = ö, or c* — 4c 
+ 3=0, in which the values of e are 1 and 3. Let 
* j? = i/ + 3, then 

^Qx^-=^ — 6y®- 

+ 9"^ 

- 1 = 

that is, y^.+ 3;y*— 1 =0. In the sarae manner, if x = 
2/ -hl, the transforrned equation will want the third 
term. ' 

(286.) To transform an equation into one whose 
roots are the roots of the original equation multiplied 
hy any given quantity. 

Let the roots of the equation ^'*— po^^^'+g^jf"^ — 
&c. = 0, be a, 6, c, &c. to transform it into one whose 
roots are ma^ mby mCy &c. 

Assume y = mx, or jp = — ; then Substitute this value 




m 



for X. and the equation becomes r-z — — — : 4- ^^r 

- &c. =0, or multiplyiqg by m% y"" — mpy^^^^ 
m^qy''^^ -- &c =ü, an equation whose roots are m«, 
mh, mCy &c. 

This 
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This equation difiers from the former, only in 
having the sucoessive terms multiplied by 1, m^ m% 
«?, &c. 

(287.) . Cor. 1. By this transformaition, an equation 
may be cleared of^fractions; or if the first term be 
afiected with a coefficient, that coefficient may be 
taken away. 

Ex- 1. Let 3^^, f + i— 1 -.raf-'+&c. =0 ; 

m n 

bymultiplication^ mnal^'-npa!'''^ + mqaS^^* - mnraf^"^ 

+&c.=0; transform this equation into one whose 

roots are mn times as great, and mni/n^mn^pj/^~^ + 

ir^v^qy^^^ - m^v^ry^"^ + &c. = O, or y^ - npy^"^ + 

m^wjy'*"* — m^nV^^^^+Äc. = 0^ an equation of the 

usual form. 

Ex. 2. Let it be required to transform the equation 
3y^"-yy+r=0 into one in which the coefficient of 
the highest term is unity. 

The equation with all it's terms is 3y^ + o --qy ^-r 
=0; transform it into one whose roots are three 

times as great^ by substituting - for^; then 3ä'+3 x 

-9j«+27r=0, or ^' — 39Ä + 9r«=0, an equation of 
the required form. 

(288.) Cor. 2. In any equation, if the coefficients 
of the second, third, fourth terms, &c. be divisible, 
respectively, by m, m*, m% &c. the roots have a com- 
mon measure, m, * 

(289.) Cor. 3. An equation may be transformed 
into one whose roots are — parts of the roots of the 

K 2 former. 
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« 

ibrmer, by dividing the second^ third, fourth, &c. 
terms by m, m\ m^, &c. respectively. 

(290.) To transform an eqitation into one whase 
roots are the reciprocäls qf the roots qf th^ given 
equation. 

Let the roots of the equation jf*— par^-'+gr«*"* 
.... — Px+Q=0, be a, b, c, &c. to transform it into 

one whose roots are -, -?, -, &€• 

a c 

Assume v= -» ov x= -; then. by Substitution, -r 

^ X y ^ y 

" 3r^ "*'y^" • ' • - ;^ + Ö = ^' ^"^ multiplying by 
^/^ 1 -py+qy^' • .— Py''"' + Q^'* = 0; that is, Qy**- 
Py"""^. . . . +gy^^py + l =0; and sincey= -, the 

values of y are -, r» -» &c. 
^ a^ b c' 

(291.) Cor. 1. If any term in the given equation 
be wanting, the corresponding term will be wanting 
in the transformed equation ; thus, if the original equa- 
tion want the second term, the transformed equation 
will want the last term but one, &c. because the 
coefficients in the transformed equation are the 
coefficients in the original equation, in an inverted 
Order. 

(292.) Cor. 2. If the coefficients of the terms, 
taken from the beginning of an equation, be the same 
with the coefficients of the corresponding terms, taken 
from the end, with the same signs, the transformed 
will coincide with the original equation, and their roots 
will therefore be the same. 

Let 
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Leto, h, c, be roots of the equation a:"— px*"^ + 
qsf^^* +gj?*-/?j7+ 1 =0; thetransformedequau 

tionwillbey*— py"~'4-9y''"'^ +?y*~J^y + 1 =0, 

and Oy bf c, must also be roots of this equation ; but 
tiie Toots of this equation are the reciproeals of the 

. . ' 111 

roots of the original equation, therefore -? r> - » a^c 

also roots of the original equation. 

Ex. The rootf of the equations, a^-^px^ + qx^ -px 
+ 1=0; a?* + 9r*+l=0; and ar*-f 1=0, are of the 

form a, b, -, r- 

ab 

(293.) Cor. 3. If the equation be of an odd num- 
ber of dimensions, or if the middle.term of an equa- 
tion of an even number of dimensions be wanting, 
the same thing will hold when the signs of the cor- 
responding terms, taken from the beginning and end, 
are difierenf. 

Ex. The roots of the equation a?^— par*+/?x— 1 

= O, are of the form 1 , a, -. For in this case, if 

the signs of all the terms of the transformed equation 
be cbanged, it will coincide with the original equa- 
tion ; Und by changing the signs of all the ternis, we 
do not alter the roots. (Art. 280). 

(294.) The equations described in the two last 
coroUaries are called recurring equations. 

(295.) Cor. 4. One ropt of a recurring equation of 
an odd number of dimensions, will be +1, or — 1, 

according 
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according as the sign of the last term is-orH- ; and 

the rest will be of the form a, -, i^ r 5 &c* 

ab 

For if + 1, in the former case, and' — 1, in the 

latter, be substituted for the unknown quahtity, the 

whole vanishes ; thus, if 3^ —/?!?* + q3? - qix^+px — 1 

= 0, and for x vve substitute+1, it becomes 1 —p 

+ q- q -k-p -1=0; and it appears from Art. 290, 

1 I 1 
that if a, by Cy &c. be roots of the equation, -> r? ^j 

&c. are also roots. 

(296.) To transform an equation ifito one whose 
roots are the Squares of the roots of the given 
equation. 

Letaf-;?af*~' + g'a7'*"^-raf*~3+Ä^^-'*-&c.=0; by 
transposition, o?"* + qx^'^^+sx^'^'^ + icc. =:px^~^+rx^~^ 
+&C. ; and by squaring both sides, j?*'* + 2g^a^^'"~* + 

q^ + 2s,x^''-'^+ &c. =/?V"-^ + 2j9ra?'^-^ + &c. and 

again by transp. a^"" —p^ - 2q,x^''^^ + 9^ - 2jor + 2^.0?*'* 7^ 

— &c.=0; assumey = j?^, ihex\ jf-p^- 2 q.y"^"^ -{- 

j^-2/>r + 2^.3/^~^~&c. = 0, in whieh equation, the 
values of 3/ are the Squares of the values of o?. . 

(297.) Cor. If the roots of the original equation be 
a,b, c, &c. then ;?^-25' = a* + 6^+c' + &c. y*-2j»r 
+ 2^=a=6HaV + &c. (Art. 271). 

Other transformations may be seen in Dr. Waring's 
Meditationes Algebraicoe, Prob. 5 ; and indeed, who- 
ever would fully understand the nature of equations, 
must have recourse to that Work. 

ON 
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ON THE LIMITS OF THE ROOTS OF 

EQUATIONS. 

(298.) If a, b, c, — rf, &c. be the roots of an equa- 
tion,^ faken in order^ that is, a greater than b, b greater 

than c, &c.* the equation is x^-a.x- b.x- c.x+d.&üc. 
=sO; in which, if a quantity greater than abe substi^. 
tuted for x, as every factor is^ on this supposition, posi- 
tive^ the result will be positive ; if a quantity less than 
a, but greater than 6, be substituted, the result will be 
negative, because the first factor will be negative and 
the Fest positive. If a quantity between b anä c be 
substituted, the result will again be positive, because 
the two first factors are negative and the rest positive, 
and so on. Thus, quantities which are limits to the 
roots of an equation, or between which the roots lie, if 
substituted, successively, for the unknown quantity, 
give results alternately positive and negative. 

(^99') Conversely, iftwomagnitudes, when substi- 
tuted for the unknown quantity, give results aflfected 
with di^rent signs, an odd number of roots must lie 
between them ; and if a series of magnitudes, taken in 
ord^ can be found, which give as many results, alter- 
natefy positive and negative, as the equation has 
dimensions, these must be limits to the roots of the 
equation ; because an odd number of roots lies between 

each 



* lo this series, the greater d is, the less is— </. And whenever 
c, b, c, ^dy &c. are said to be the roots of an equation taken in 
Order, a is supposed to be the greatest. AIso^ in speaking of the 
limits of the roots of an equation^ we understand the limits of the 
possible roots. 
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each two succeeding terms of the series, and there 
ai*e as many terms as the equation has dimensions ; 
therefore this odd number cannot exceed unity. 

(300.) If the results arising from the Substitution 
bf two magnitudeSf for the unknown quantity, be 
both positive or both negative, either no root of the 
equation^ or an even number of roots, lies between 
them. 

(301 .) Cor. If m, and every quantity greater than 
m^ when substituted for the unknown quantity, give 
positive results, m is greater than the greatest root of 
the equation. 

(302.) To find a limit greater than the greatest 
root of an equation» 

Let the roots of the equation be a, b, c, &c. trans- 
form it into one whose roots are a — e, 6 — e, c — e, &c. 
and if, by trial, such a value of e be found, that every 
term of the transformed equation is positive, all it's 
roots are negative (Art. 265), and consequently e is 
greater than the greatest root of the proposed equation. 

Ex. 1, To find a number greater than the greatest 
root of the equation x^ -^ 5x^+7 X'-^ 1=^0. 

Assume x=:i/ + e, and we have 

3^^ + 3ey*-h 3e^j/ + 
— 5^— lOey — 

+ 7y + 

in which equation, if 3 be substituted for e, each of 
the quantities, e^- be^ + fe- 1, 3e*- 10^+7, 3c-- 5, 
is positive, or all the values of y are negative ; there- 
fore 3 is greater than the greatest vatue of x, 

Ex. 2. 
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£x. 3. In any cubic equation of this form, x^ ^qx 
+ r=0, i^/q 18 greatcr than the greatest root. 
By transforming the equation, as before, 

+ r 

and substituting i^ 5 for c, ^ + ^sjqjf^ + 2 j^y + r = O, 

cverytermofwhichis positive; therefore ^/j^is greater 
than tbe greatest value of x. 

(303.) Cor. If the signs of the roots be changed, 
a limit greater than the greatest root of the resulting 
equation, with it's sign changed, is less than the least 
root of the proposed equation. 

Ex. Required a limit less than the least root of the 
equation y' — 3y-|-72=0. 

When the signs of the roots are changed, this equa- 
tion becomes y^— 3^ — 72= Ö- 
A8sumey=x+e; then 

aj^+3ex*-f3e'a' + c3 

and if 5 be substituted for e, every term becomes posi- 
tiv^i TBÖnsequently 5 is greater than the greatest root 
of the equation ^-3^-72 = 0; and - 5 less than the 
least root of the equation y^ - 3y + 72 = 0. 

(304.) The greatest negative coefficient increased 
hy unityy is greater than the greatest root of an 
equation. 

Let Jf*— jja?'*"'-^!?*""' — &c. = 0, and if the coef- 
ficients be equal, x^-paf^"^ — pjc"""* - &c. =0, or of* 
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-px j?""*+af*''* +x+1äO, that is, sf'-^px 

=0 (Art. 222). In this equation Substitute 

— ^_^_^ I , ]» - 

l+p for Xy and the result is 1 +p|'*— /? x ^ , 

or + 1 ; and if any of the coefficients be positive, or less 
than p, the sum of the series, to be taken from af^^ 
will be diminished, and the result greater than before. 
Also, if for Xy any quantity, still greater, be substi- 

tuted, as w + m + 1, the result is ü + m+ir f — x 

^ ^ ^ p+m 

1 p m ^ p 

p + m + lh + — f— , or X p+m+lY + — f — » 

^ p + m p+m ^ ' p + 7n 

a positive quantity ; therefore, 1 +p is greater than 

the greatest root (Art. 301). 

(305.) In any equation,^— p^?**"' + qx^"^ - rof ""3+ 
50?"""*— &e. = 0j whose roots are possible and positive, 

^ n—l ^ n ^ w— 1 

w. — -— n. 

2 2 

than the greatest root. 

Let a, i, c, &c. be the roots, taken in order ; then 
ab + ac+bc + ticc.=q^ and ä" is greater than eaeh of 

these products, therefore n.^— — a' (Art. 230), is 



greater than q, or a is greater than 




Also, 
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Also, a'' + b^+(^+kc.-p^'-2q (Art. 297) ; and 
«nee a is the greatest root, na* is greater than ä^+ V 
+c*+&c. or p*-2q; that is, a is greater than 



V 



n 



Again, q^ - 2pr + 2 * = a^b' + a'c' + 6V + &c. (Art. 
297)9 and o^ is greater than each of these products, 

of which there artfän.— — • ; therefore n. o* is greater 

than a'6* + aV + 6V + &c. or 5* — 2/^r + 2*; that is, 



(306.) Cor. If the equation have both positive and 
negative roots, and — rf be the least root ; then, when d 
is greater than the greatest root, it is greater than 




n. 



(307.) Therootsofthe equation nx"""' — n — l.px**""* 
+n - 2 .qx*^3 — &c. =0, are limits hetween the roots 
(fthe equaiionx'' ^px"'"'^ + qx°~*— -Äfc. =0, whenthe 
roofy Q/Ttke latter equation arepossihle. 

I-^t the roots of this equation, taken in order, be 
fl, Ä, c, — rf, &c. and in it, for Xy Substitute ^+e, then 
by Art. 283, 

y"+«ey""^ + ne^'^^y -k- e^ 

— py"^"^^. ..... — w— 1 .j9e~~*y — /?e'*"^ 

+»—2 . qe^'^^y ^ qe^"* 

— &c. 

the 



= 0, 



156 LIMITS OF THE 

the roots of which equation are a-e,. ä — e, c-e, 
— -^— e, &c. and the coefficient of the last tenn but 
one of any equation of n dimensions, is the sum of the 
rectangles under n - 1 roots, with their signs changed 
(Art. 271); therefore. 



e — a.€ — b.e -^ c.&c. 

ne^^ - w - 1 .;?e*-"* + w - 2.! _ l+ e-a . e-lf . e+d. &ic. 

5fe*"*-&c. I i+ e— fl . e - c . e+d. Scc. 

+ e - b.e-^c.e + {/.&c. 

in which, ifa, J/c, — rf, &c. be successively substi- 
tuted for e, the results are. 



a-6.ö — c.a + rf. &c. which is positive, 

b'-^a.b-c.b+d. &€• negative, 

c-a.c—b .Ci-d. &c. positive, 

^d-^a. ^d^b. —d—c. &c. negative, &c. 
therefore a, J, c,— rf, are limits to the .roots of the 

equation wV""' - w— l./?e""*+&c.c=o (Art. 299), or, 
substituting x for e, to the roots of the equation 
nj?«-i_n— l.pa?''-'^ + &c.=Ö. Let a, /3, 7, &c. be 
the roots of this equation, taken in order, then a, a, 
i, /3, c, 7, — rf, &c. are arranged according to their 
magnitudes, that is, a, /3, 7, &c. lie between the roots 
of the equation a?"*— j»a?'*'"^ + 9a:*~*— &c. = 0. 

(308.) Cor. 1. It appears from the preceding de- 

monstration, that na?'*~'--w— l.px^^^ + w — 2.g'a:^~^— 

&c. =x — a.x — b.x—c. &c. '\'X-'a.x-^b.x + d. &c. 

+ 07— a.a?-- c.a? + rf. &c. +j?— 6.^:— c.j? + rf. &c. where 
flf, 6, c,— c?, '&c. are the roots of the equation x'*—pi^""' 
+ y^^-»— &c. = 0;, also jr^— j»a;"""' + yjc^"*— &c. = 

X'-a.X'-b.x—c.x+d. &c. therefore. 
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ä"— .pa?*"^ + ja?*""*— &c. F+3 X— € 

+ ^+ + &c. 

(309.) Cor. 2. Ifthelimiringequationto »!!*"•'— 



»— l./>x'*~* + w— 2.5rjf*"^-&c.=Obetaken, it'sroots 
will lie between the first and third^ second and fourtb| 
&c. TOots of the first equation. 

(310.) Cor. 3. The original equation has as many 
positive roots, and as many negative, äs the limiting 
equation, and one more, which will he positive or nega- 
tive aecording to the nature of the equation. 

(311.) Every equation wfiose roots are possible, has 
as many changes qf signsjrom + ^o — , andjrom — 
to -hy eis it has positive roots ; and as many continua- 
tionsqf the same sign, from + to + ^and from^to -- ^ 
as it has negative roots* 

Let af - px«""' ± Sx^ ±Px±Q^O, the equa- 
tion of limits is njtf"^ - w - l.px**"* ±2Sx 

±P^Oi which, as far as it goes, has the same signs 
with the former • and therefore the original equation 
will haVe one more change of signs, or one more con- 
tinuation of the same sign, than the limiting equation, 
aecording as the signs of P and Q are diiferent, orthe 
same. 

Suppose a, jS, 7, &c. to be the roots of the limiting 
equation ; then the roots of the original equation are, 
by Art. 3 10, of this form, a, 6, c, ± rf, &c. therefore, P, 
with it's jproper sign, =-w x-ax-/3x-7 x &c. and Q 
s— ax — 6x —ex +rfx &c, (Art. 271), which pro- 

ducts 
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ducts will have the same sign when the multiplier d 
18 positive, or the root ( - rf) negative, and dififerent 
signs when that root is positive. It appears then, that 
if the original equation have one more change of signs 
than the liniiting equation^ it has one more positive 
root ; and, if it liave one more continuation of the 
same sign, it has one more negative root ; therefore if 
it can be shewn that every equation of w — 1 dimen- 
sions, and consequently the equation wx'*""^— w— 1. 
|:>a?'*"*+w — 2.5fa:'*~^ — &c. = 0, which is the limiting 
equation to af' - px'^'^^+qaf^"^ - &c. = 0, has as many 
changes of signs as it has positive roots, and as many 
continuations of the same sign as it has negative roots, 
the same rule will be true in the equation x^^-px^"^ 
+ ja^"* — &c.=rO; or, in other words, if the rule be 
true of every equation of one order, it is true of every 
equation of the next superior order. Now in every 
simple iequation 0? — a = 0, or a: + a = 0, the rule is true, 
therefore it is true in every quadratie x^±px±q=:0; 
and if it be true in eyery quadratie, it is true in every 
cubie ; and so on ; that is, the rule is true in all cases. 

In the demonstration, eaeh root, + dy is supposed to 
be disttnet from the rest, and a possible quantity. 

Hence, when all the roots are possible, the number 
of positive roots is exactly known. 

Ex. The equation a?^+a?*-14Ä? + 8=0, has two 

positive and one negative root ; because the signs are 

+ ^+5"'5+^5'^ which there are two ehanges, one 

from + to — , and the other from — to +, and one 

continuation of the sign +. 

(312.) fVhen any coejfficient vanishes, it may he 
considered either as positive or negative^ because the 
value of the whole eoopression is the same on either 
suppositian. 
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Ex* If the roots of the equation a^'^q:t+ r=:0 
be possible, two of them are positive and the third 
18 negative ; for there are two changes of signs in the 
equation 3!^±o-qx + r^Oy and one contiiiuation of 
the same sign. 

(313.) IfcUl the roots of an equation he positive y 
or aü negative^ and its terms be multiplied hy the 
terms of any arühmetical progression, the resulting 
eguatian will be a limiting equation to thejbrmer. 

Let the roots of the equation x^-^px^^^ + ja?^"*- 
hc. =sO, taken in order, be a^ b, c, &c. and when 

they are substituted for x in the quantity na?*""'—«- 1. 
paf^""" + &c. let the results be + L, - il/, + AT, — 
&c. (Art 307.) ; then, when they are substituted in 

Bxx nj?*""' - n — l.paf*"^ + &c. the results will be 
+ BaL, - BbM, + BcN^ - &c. but when the same 
quantities are substituted for icmaf^— psi^"^ + yx^"' — 
&c. or in As!^ - Apjtf^^^ + Aqcif^'^ -- &c. the results are 
nothing; therefore when they are substituted in the 
lum of Ax"" - Apaf'^^ + Aqx^^^ - &c. and Bxx 

na?*"^* - n— l.pjf "' + n - 2.qaf''^ - &c. or in -4 + nB: 

sT - A+n-^l.B.paT-' + A+ n^.B.qsff^^ - &c. the 
results are +BaLy -BbM, +BcN, — &c. there- 
fore (Art. !i99)j fl, 6, c, &c. are limits of the roots 

of the equation A + nB.jf'^A + n- 1 .ß./>a?^-"' + 

* — I ■ ^*~ 

^+w- 2.5.51?^-*- &c.=0, which is deduced from 
the former by multiplying it's terms by the terms of 
the arithmetical progression A+nB, A-¥n- l. B, 

A+n-^2.B, &c. 

Conversely, 



**■ 
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Coiiversely, the roots of this latter equation are 
limits to the roots of the former. 

If 5 be negative, or the series an increasing one, the 

results will be, — 5aL, -♦- BbM, — ÄciV, + &c. there- 

. fore a, i, c; &c. are limits to the roots of the equa-* 

tion, ^ — nÄ-a?**— ^ — w- 1.5./?a:^"* + ^— w- 2.B. 
jFx"~*- &c. = 0, as before; only a wi^l be less than 
it's greatest root. 

(314.) Ifan equation have hoth positive and negOr- 
tlve roots, and ifs terms he multiplied by the terms 
of an arithmetical progression, an equation arises, 
wkose roots are limits to the roots of the former, with 
this exception, that either two of ifs roots, or none, 
He between the positive and negative roots of the 
original equation, according as a decreasing or in- 
ereasing progression is used. 

Let the roots of the equation a^ —poff'^^qx"''^ — 
&c. = 0, taken in order, be a, -^b, -- c, &c. When 
these values are substituted for x in nx""' ' — w — l .px^"^ 

— w-S.yo?^'""^ - &c. the results are, + L, - M, + iV, 

— &c. (Art. 307), therefore when they are substituted 

in JSj?x wj^^*~V—w—l./?af*""*—w— 2.5^0?'*"^ — &c. or in 

ji+nB.x^^J + n- l.B.px^'^^-J+n-Q.B.qx''^^ 

— &c. the results are +BaL, -\'BbM,-r BcN^ + &c. 



Now the roots of the equation A+nBjxf' --^A + n- l.B. 
/>a?"~' — &c. = are of the same form with the roots 
of the original equation*, because there is the same 
number of changes of signs in both ; let these roots, 
taken in order^ be a, —/3, —7, &c. and since both 

a, and 

— — ^— - ,-l_. II— —II' _■! ' 

* Here we suppose that the first term is not taken out, and that 
the sigas ofthe terms of the progression we t\ol eVv^v\^^d. 
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üy and — hi when substituted in the liipit/ give positive 
results» either two roots a^ and — /3, or none^ lie 
between them (Art 300) ; and - &, a negative quan- 
tity, cannot be greater than a^ a positive one ; there- 
fore the order of the magnitucles is a^ a, -^ß, — b, 

— 7, — c, &c. that is, when the terms of the equation 
are multiplied by the terms of the decreasing arithme- 

tical Progression^ A + nB^ A + 11-^1.3, A+n'-2.B, 

&c. two roots, o, and — j3, of the limiting equation, 
]ie between the positive and negative roots, a and — &, 
of the original equation. 

When B is negative, and n B less than A, or the series 
an ascendingone, it may be proved, asbefbre, that wheu 

«,—&,— c, &c. are substituted for x, in A-^nBjc^-^ 

^-n-l.JB.;iÄ"-'--^-n-2.Ä.9a?^-»-&c. the re- 
sults are --BaLy -BhMy +BcNy -&c. therefore 
a is less than a, and either two roots - )3, — 7, or none, 
lie -between a and — b ; there cannot be two, because 
then — by and - Cj are both less than — 7, and whea- 
substituted for x, must give results affected with the 
same sign ; but the results are -- BbMy and +BcN; 
therefore the order of the roots is a, ä, - 6, — )3, — c, 

— 7, — &c. that is, no root of the limiting equation 
lies between a, and —b. It A be less than nBy the 
first term of the limiting equation is negative^ and the 
signs of all the terms being changed, to reduce the 
equation to a proper form (Art. 262), the series 
becomes a decreasing one. 

(316.) In the preceding demonstration, the limiting 
equation is supposed to contain as many roots as the 
original equation, and of the same form. If the 

arithmetical 
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4 

arithmetical progressTon bögm ftom nothing^ it may be 
proved ia the same manner, that no root of the liäiit^ 
thus deduced^ lies between tlie po^tive and negative 
roots of the proposed equation. 

(3 16.) Ex. Let the proposed equation he a^-^qx + r 
äO. The roots of the equation 3 a;*— j ä Oj are. 
lioiits which lie between if s roots (Art. 30/.) 

Let the terms of the equation be multiplied by 
the serieSy 3^ 2, 1^ 0^ and the limiting equation is 

3 3 

of which, and — v f lie between the positive and 

3 

negative röots of the proposed equation (Art. 314). 

Let the terms be multipHed by the series 0,-1, 
-3, —3, the limiting equation thus obtained is 

3'r . . . • 

2jJ? — 3r = 0j whose root ^ — lies between the positive 

roots of the equation x^^-qx+r^^O (Art. 315). 

(317.) To ßnd between which ofihe rootSy of a 
proposed equation^ any given fiumber lies. 

Let the roots of the proposed equation be dimi- 
nished by the given number, and the number bf 
negative roots, in the transformed equation, will shew 
it's place among the roots of the original equation. 

Ex. To find between which of the' roots of the 
equation ^-9a?^+23a:— 15=0, the number 2 lies. 



Assume 
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or j^^i^'**^^^ + 3 =0, vrhich has oAe negative tog^; 
atid dMe rbotcr ;0f the jfnropoaed equatioa are all po«i«- 
ttre; thei^fWd b¥o of tfaem are greater^ and one is 
less^ than 2. 

(dl8.<) In genelal, the last term, and the coefficients 
of the otbeir terms of the transformed equation are 
found by substituting the number^ by which the roots 
are to be diminished^ for Xy in the quantities^ 

aj» — j9dP*""* + yo?*""* — &c. 



». JT * — w - 1 . 



2 



** ~/iÄ»-:' 



— — n — 3 
+ n — ' 2. yo?"""*— &c. 



&c. 



See Artr 283V And by substituting^ successively, dif- 
ferent numbers for j?, the limits of the roots of the 
proposed equation may be found. 

Ex. Let the proposed equation be ^— 2j!?^-6x* 
+ 10ar-3Äa^ 



- * - „ , ,, 



vaiues of i 

1 

' « 

L 2 



6x 

2 



— 00?— 5 



, 1 

1 

+ 1 


2 


3 


-3 


'+ 9 


^2- 


-2 


+34 


— 5 


+ 7 


+31 


+ 2 


+6 


+ 10 


+ 1 +1 


+ 1 



From 
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From the changes of signa m the proposed equation, 
it appears, that it has oue negative and three posi* 
tive rodts; whenthese rootsarediminished by 1^ thef 
become two positive and tvfro negative ; when dimi-^ 
nished by 2, the^ become one positive and three 
n^tive; and when diminished by 3, they allbeopme 
negative ; therefore one root of the propo«ed equation 
lies between änd 1 , one between 1 and 2, and the 
third between 2 and 3. 

By changing the signs of the roots^ and proceeding 
in the same way^ we may find^ that the negative root 
lies between — 2, and - 3, n 



ON THE DEPRESSION AND SOLUTION 

OF EQÜATIONS. 

(319.) If an eqtuition contain equalroots, these 
may he foundy and the equation reduced as numy di^ 
mensions lower as thefe are equal roots. 

Let the roots of the equation x"— /ja?"*"' + ga:^""*- 
&c.=05 be a, i, c, dy &c. then (Art. 307), 



na?""^— w— l.j»a?'''"*+ f 



X'^a.x — h*x — c. &c. 



+ x— a.x — b,x — rf. &c. 



n-'2.qx''''^-^kc. ( )+a? — a.a? — c.a:-rf. &c. 

+ x— Ä.j?-c.a?— rf. &c. 



Supposea=Äj then, 



nsf^^ 
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^— a.jr — aJT — c. &c. 
ftJf^' - n- l./>jf""*+ \ / 4- 3C-a . ar— g . j?-rf . ' &c. 
«— ll.jjf"*— &c. I I •HJ:-a> a? — c.j?-dL &c. 

+0? — flf^ — ex — </• &c. 

the whole of which is divisible by x^a without re- 
mainder^ that is^ a is a root of the equation naf*^* — 

»— l.|»x*""*+n- 2.}^""^ — &c. = 0.* 



If three roots a, b, c, be equal, x-^a.x-^a will be 
found IQ every product, therefore the equation is divi- 
sible by X'-a.x — a without remainder, or two of it's 
roots are a^ a (Art 268). 

lu the dame manner^ if the original equation have 

m equal roots, the equation wa?*"* - n — 1 ./>x*^' +n-2» 
9«*""® — &c. sO, has m — 1 of those roots. 

(320.) Hence it appears^ that when there are m equal 
roots, the two equations have a common measure of 

the form a? — af*"*, which may be obtained in the 
usiial way (Art. 90), and m roots of the original 
equation may thus be known. Divide this»^ equation 

by a?-al"*,' and the resulting equation, of n— m 
dimensions, contains the other roots. 

Ex. Let the equation x^^pa^+qx-^r^^Ö, have 
two equal roots; then 3j;^ — 2j9a: + g=0 has one of 
them ; and the two equations have a common measure 
which is a simple equation ; consequently, the quanti- 
ties Qx^ - 9px*+9qx - gr and 3j?* - 2px+qy have the 
$ame common measure, which is thus found, 

3a?*— 



* The equation -4+»B. Jf»— -4+n— 1 . jB.pJ?*-*+&c=0 hat 
aUo one of the equal roots, See Art. 313« 



\ 
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Sä?*-- 9paf + q)^ — 9px* + ^^x -^ 9r(3a: - p 

■ ■ ■ ■» I .1 ' ■ . 1 I U I ^ ' 

-- Spx'^ +9p^x — pq 






6q - 3p* X x+pqr-ifr, ' 



. k 



hence, 6q - 2/?*.x +/>g' - 9r is a divisor of the ecjtrattioxi 
Ä*-|M5* + 9a?-r=0; that is, 6y - 2p*. x +pq — dr » O, 

aud ^=f^-^Ä (Art 268). 

Thus two roots of the equationare discovered ; and 
c»nce p is the sum of all the roots. the third ropt is 
the difiereixce between p and the sum of the t^o 
equal roots. 

Let the proposed equation be o?' — 4a?* + öx — 2 
5=0. 

Here, jp=4, y==5, r=2; and one of the equal 

rooto is ^' ' f^ ssl ;^ and the third root is 2»— 2x7 
oj-2p* ^ 

4-2 = 2. 

But it must be observed, that though a _y « 

ehoüld be föund, upon trial, to be a root of the pro- 
posed cubiö, this equation has not two equal roots, 

uhless ^ — ■ ^^^ be a root of thp depressed equation 

3s^-2px + q^0. 

(321 .) If the roots of the equation x^ — px* + qx-^r 

^0, be in arithmetical progression^ ^ ^nL* ^^ ^^^ ^^ 

them. 

Let 
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Let theroots be a-i, a^ a + 6; then p=3«^ 9= 
ifl^— b\, and r^a^r^ab^;. hence, 9r^pq=i — 6a6», 

M»d6j-2p«= -6i«; therefore, |I^ «^ ^-^ 

(Sud.) Iflwo roots of an equation he qfthefofm 
+ a, — a, differing only in their signSy tJiey may he 
foundy and the equaJion depressed. 

Change the signs of the roots, and the resulting 
equation has two roots + a, — a ; thus we have two 
equations with a common meäsuire, sf — a\ ^Mcb may 
be found, and tlie equation depressed^ as in the 
preceding case. 

Ex. Required the roots of the equation i^-irSs^^ 
7«^— 37a?— 18 aO, two of whioh are of the form 4- o^ 
— a. By changing the signs of the altemate terpas We 
.obtain the equation ä* — 3a?^-7^ + 27x- 18=0, 
which has two roots of the form +a, — a; and the 
common quadratic divisor, of the two equations^ is 
dc^ — 9 =r d, hence, o? = ± 3. To öbtain the other roots, 
divideÄ*+34C^— 7«^— 27a?~18=0,by or*— 9=0, and 
the roots of the resulting equation 07^+3^?+ 2 = 0, are 
the roots sougbt. 

• • r 

« 

(323.) By this method, when the coefficients are 
rational> surd roots of the form + ^la may be 
discovered (See Art. 279). 

(ä24.) When there are two other roots of the sam6 
form, the equations will have a common divisor :t^— 
Qa?* + Ä=o, which contains the föur roots, 0, -a, 
b,^h. 

If 



1 



l68 RBCURRING EaUATtOKS. 

* If the roots of an equation have any other gtven 
felatiön, they may be found in a similar mannw 
(See Waringfs Alg.C^p.S); but as particular y rer 
lations . of the roote to each other are rarely known^ 
it seems unnecessary to prosecute the subject fardierj 
in this place« 



SOLUTION DP RECÜRRING EQUATIONS. 



(325.) The roots of a recurring equation, qfan 
even number of dimensionsy exceeding a quadratic, 
may be found hy tke Solution of an equation of half 
the number of dimensions. 

Let af'-paf^^^ --px +1=0; its roots are 

of the form a, -, b, p &c. (Art. 292) ; or it may be 

oonceived to be made up of quadratic factors^ x^a. 



X — ; x — bjc-^t ;&c. i.e. if m = a+-j w=sft + Y> &c* 
a o / ab 

of the quadratic factors, a?'— mx + 1 ;a?'-iw: + l; &c. 

Then by multiplying these together, and equating the 

coefficients with those of the proposed equation, the 

yalues of m, w, &c. may be found. Moreover, for 

every value of m there are two values of o? ; therefore 

the equation for determining the value of m, will rise 

only to half as many dimensions as x rises in the 

original equation. 

(326.) If 



RECURRIKO BAVATIOKS. ^^^ 

^- (äs6.) If tfae recnrring equation be of an oddmxwhet 
of dimensions, + 1^ or — I is a roöt (Art. 295) ; and 
the. equation may therefdre be reduced to one of the 
rnne kind, of an even number of dimensions^ by 
dhdsion. 

£x« 1. Let 0^— 1 =0. Unity is one root of thit 
equation^ and by dividing o^— 1 by a?- 1, the equa* 
don a^+x+l=sO is obtained, which contains the 

other two roots^ ^ ' , and ^ • 

a^+x + lszO 

3 2 



or T*"*" —"^ ! that is^ the tbree roots of the 
equation a^—l =0^ ör the three cube roots of 1, are l, 

3 3 

In the same iBänner, the roots of the equation \a!' + 

1 =0 aie found to be- 1, ^-^^'^ and ^ -V"^. 

3 * 3 

This also follows from Art. 38 1 . 

Ex. 2. Let j?*— 1 =*0. Two roots of this equation 
are + 1> — 1 ; and by division, -5—7 = **+! =0, an 

CK^uation which contains the other two roots, + v — l > 
Sad — ^^nr 

Ex. 3. 



tjrO C41I>AV*S EUliS« . 

' iBxi 3. Let «* + 1 « o. Assume j?*— ma? + lx 

m+n.a? + l =af*+l, and bjr equating the ooeflBcieiite, 
m + n = 0/änd mn + 2=:0; henoe n= -m, and -^mP 
+ 2 = 0, orm*=2, andm=±^/^ Therefore th^ 
fwo qüadratics which contain the roots of the biqna- 

drätic, are j?*+\/2^»x+l=0, and a?*-^^/2Li?4-la<Oi 
from the Solution of which it appears that the roots am 

:ii^i£Ei and L- n/"^ 

V2 




In the saijae mannec may the roots of the equations 
sr^+ 1 =0, an|^'a!*+ 1 äO, be foahd. 



. ■ ! < 



THE S^OLUTION OF A CUBIC EQUATION 
^ BY CARDAN'S RITLE. 



(327.) Let the equation be reduced to the form 
a? — g'jj+r^O, where q and r may be positive or 
negative. . 



Assume a?=a + 6, thwi the^uat;ion becomes aH-i|* 

'-qXa + biir=0,ova^ + b^-\-3abxa + b-qxa+b'h 
r=:0; and since.we have two unknown quantities, a 
and by and have made only one supposition respecting 
them, viz. that a + b = Xy we are at liberty to make 
another ; let Sab- q=: O, then the equation becomes 

ö^ + i^+r=:0; also, since 3aJ — 5^ = 0, bss ~,andby 

od 

Substitution^ 



robstitntion, <^+r?-|+»*^0, or a^+ra*+-2- 00, an 
equation o£ 9. quadratic form ; and by completing the 
ifpre, ^^ro» t,^*'7-^, and «»+5« ± 

YT"^* therefore a»= -^i yL-C, and a=» 
V -1 ± Vf-^- Also, «nee >+ i»+r = O, i» 

therefore a? =/» + J=\/ _ ü+ \/^_2l + 

•^. ■ :• ■ 3 ■• ^ 4 87-7!. 

. * 4 37 



V 



r 



-_ 1 



We may ol:]«erve, that when the sign of v^— 21, 
in one part pf the expression^ is positive, it is negative 

in the other, that is ar=: y - T j, v 2- -j. - 

2.-4 27 

(328.) Since 6= -^» the value of j? is also 



^"2-^4 37 



Ex. 
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Ex. 



Let 3?^ + 6x-30 =»0; here j=— 6, r= — 20, 

* a?=4/ 10+ ^/ 108+ \/ 10-^^108 = 2. 732-. 7äs 

s2* 

(329*) Cor. 1. Havmgobtainedoneraluepfx, the 
equätion may be depressed to a qüädratic, and the 
other roots found (Art 267). 

(330.) CpR. 2. The possible values of a and b being 
di$covered^ the other roots are known withont the 
Solution of a quadratic, 

The values of the cube roots of a' are a. 



a, and ^ — Za; and the values (rf* 

2 3 

thecuberootof i3, are-J, -^+^/-^ f,^ ZluZEEb 

(Art. 326). Hence it appears, that there are nine 
values of a+by three only of which can answer the 
conditions of the equatipn, the others having beea 
introduced by involution. These nine values are, 

1. a + b 

2. a + zJL±N/Z!j 

2 

3. a + '^ b 

2 



4-. idiVEIa+i 

.2 



5. -1 



♦ See Art; 259. 



5. 



6. 



7. 



8. 



9. 



CARIUN's tiVUi. 



i73 



vGJ«+-^-/^ 



2 



a+i 






2 2 



a+ 



ft. 



In the Operation, we assume Sab^q, that is, the 
product of the corresponding valuesvof a and 6 is 
iupposed to be possible. TbU oonsideration excludes 
the 2^- 3^- 4«^- 5'**- 7'"*- and 9'^' values of a+b, or x; 
therefore the three roots of the equation are a + b, 
-1+^5-3 -i-.y33 



6, and ■■ 7 ^ a+ 



-1+x/"^ 



6. 



The value of x is also a + ^ ; therefore, if a, oa, 
/3 a be the three roots of a^, the röots of the cubic are 

3a 3aa^^ 3ßa 

(331.) Cor. 3. This Solution only extends to those 
cases in which the cubic has two impossible roots. 

Foriftfierootsbefw+>y3»]|m--Ay3n, and -2pi, 
then — 5 (the sum of the products of every two with 

their signs changed) = — 3 m* - 3 », and ^ == m* 4- w ; 

also. 



lf4 SOLÜTIöi? tut A ftöi/ADRATIC. 

also^ r (the prödtiCt of all the rooits witK their signs 

V 

changed) :=i2n^^6mnf and - = >n' — 3mn; and by 

Involution^ 
r* 
4 

Hence, ^=3 -Qm^w-f 6mV-n' = 

4 27 



-nx9w^ ^ 6m^w + w%and y ^ - ^- .yZ^^xSm*- w^ 



a* quantity manifestly imp^sflifa^ unless ft be negatiTe^ 
that is, utolesstwb rööte öf the propoped cubic,be;iin*- 
possible. 

SOLUTION OF A BIQÜADRATIG BY 
DES CARTESV METHOD. 

(332.) Any biquadratic may be reduced to the form 
üH^-^-qx^ + rx+s^O, by taking away the second term 
(Art. 284). Suppose this to be made up of the two 
quadratics, jj*+eÄ?+y*=:0, and x''-ex+g = Oy wKere 
' + e and —e are made the coefficients of the second 
terms, because the second term of the biquadratic i$ 
wanting, that is, the sum of it*s roots is O. By multi- 

plying these quadratics together, we have ^*+^ +y*— e'. 

x^ + eg — ej\x+fg — 0y wTiich equation is made to 
coincide with the former, by equating their 'fcoeffi- 
eients^ or mi^king g 4-^*— e* ^q^eg-- ef= r^ftdAfg = s ; 

hence, g'+y= 3' + ^% also g-y*=-, ^d by taking the 

«um and difFerence of these equätions, 2g* = jr + e* + 

-, and 
e 
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-, and a/*es y + e» — ; therefore 4/^ s jr'+.2 ge»+«* -« 

~=4*, and multiplying by e', and arranging the 

terms a ocording to the dimension» of e, €^ + 2qe* + 
^-juxc*-f*=0 ; or, making y = c% ^^ + 23^^+ 

By the Solution of this cubic, a value of^^ and there- 
fore of y/y, or e, is obtained ; also^ and g, which are 

respectively equal to and , are 

iLnown; the biquadratie is thus resolved into two 
quadratics, whose roots may be found. 

It may be observed^ that which ever value of y is 
used, thie same valües of x are obtained* 

(333.) This Solution can only be applied to those 
cases^ in which two roots of the biquadratie arepossible 
and two imjpossible. 

Let the roots be a, b, c, -^a + b-^-c; then since e\ 
the coefficient of the second terra of one of the reduic- 
ing quadratics, is the sum of two roots, it's different 
values are a + b, a + c, b + c^ — a+/>^ — a+c, - i + c, 

and the values of e% or y, are a + ÄjVß + cl*, b + c\^; 
all of which being possible, the cubic cannot be solved 
by äny djrect tnethod. _Suppose the roots of the bi- 
quadratie to be a+6J>/ — l,a— i\/ — 1^ - a+c^J -* 1, 
— a— c>/ — i; the values of c are 2«, b + c.y/ — 1, 
i — c.a/-1> -*-cV — 1? -b+c.ij -^l an d- 2g ; 
and the three values of y are, 2a|% — 6 + c|*, — 6— c|* 

which 



ffß DR. WARIN6*S SOLUTION OF A BfAUADRATIC. 

which are all possible, as in the preceding case. But 
if t he ro ots of the biquadratic bea + b \/ -i, a— 
^\/ — ^9 — ö+c, --a-^c^ the values of y are 2a]% 

c+b^y — ij , c-h^ — II , twoof which are impos- 
sible ; therefore the cubic may be solved by Cardan*s 
rule. 



Dr. WARING^s SOLUTION, 



(334.) Let the propo^ed biquadratic bea?*+ 3/10?^= 
qoc^-^rx+s \ now ar'+/?j?+wrÄj?* + 2pa?3+/i* + 2«. 

a?* + 2/?»Ä? + w% if thereforiß p^'\-2n,x^ + 2pnx + n^ be 
added to both sides of the proposed biquadratic, 
the first part is a complete Square, x^+px+n^, and 
the latter part, p^ + 2n + qX J?M- 2pw+r xx + n^+s, 
is a complete square, if 4xp^ + 2n-\^qxn^ + s=^ 

^pn + r^ (Art. 127), *^hat is, inultiplying and arrang- 
ing the terms according to the dimensions of 72, if 8w^ 
+ 4y»^ + 8^— 4rp.n + 4y.y + 4j?^^ — r* = 0. From this 
equation, let a value of n be obtained and substituted 

in the equation x^ ■\-px+n^ =;?* -h 2w + q^x^ + 2pn + rji 
+ n'+ A' ; then extracting the square root on both sides, 

x^'+px+n = ±\/p^ + 2n+qxx -h >>/7?+7, when 2/>n+r 

is positive ; or x^+px +« = ± s/p'^^n^'q.x — sj v^ ^s^ 
when 2pn + r is negative; and from these two qua- 
dratics, the foür roots of the given biquadratic may be 
determined. 

Ex. 



DR. WARIMG's SOLUnOK OF A BraUADRATIC. IJJ 

Ex. Let A<*-^6j^ + &apH3x- 10=o be Üms pro- 
posed eqnatfon. 

By comparing this with the equation x*+2/>a:^ — 
f jr^ — rj? -«=0,wehave 3/9 s -6,or;>= — d^^as - 5', 

r=-2, *=10; and 8n? + 4qn^ + 8S'-4rpxn+4qs 
+ 4p's-r*=0y is 8w^— 20 wV56n+ 156 = 0, er 2n? 

-5n* + 14n+39=0, one of whose roots is ; 



b€nce,a?*-3T — =a;^+7^+-^* and a?* - 3x = 



2 



7 

+ d?+^; or a?'-4j:— 5=sO, and jj^- 2x+3sO; the 

roots of these quadratics, — 1 , 5, 1 + \/ - 1, 1 — 
v^ — 1^ are the roots öf the proposed biquadratic. 

(335.) This Solution can only be applied to those 
cases in which two roots of the biquadratic are pössible^ 
and two impossible. 



Let the roots be a, i, c, dy then w - ^/^FT^ the last 
term of one of the quadratics, to which the equation 
is reduced, is theproductof twoofthem, as a&; there- 

fore n-ah = aJ n?+ *, and squaring both sides, «* - 
2»a6+a*6* = w*+*, or — 2na6+a*6*=*= --abcd 
(Art. 271), and dividing both sides by — a6, 2fi-a6 

=ccf^ or 2n=ai + crf, and »= — — — ; the other 

2 

vsdues of n are — ^^'— -, and — ; therefore, when 

% 6, Cy d, are possible, the values of n are possibie. 
Also, when these quantities are all impossible, the 
values of n are all possibie ; in neither case therefore 
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can the Valne of n be obtained by Cardan's rule ; but 
if two roots of the biquadratic be possible and two 
roots impossible, two values of n will be impossible, 
and the cubic may be solved, and consequently the 
roots of the {iroposed equation may be found. 



THE METHOD OF DIVISORS. 

(336.) Since the last term of an equation is the 
product of all the roots with their signs changed, if 
any root be a whole numbery it may bejbund amongst 
the divisors. ofthe last term. 

Ex. Suppose 0?' - 4 a?* — 6j? -h 1 2 = ; the divisors of 
the last term are 1, - 1, 2, —2, 3, — 3, 4, -- 4, 6, - 6, 
12, — 12, and by substituting these successively for jr, 
we find that — 2 is a root of the equation. 

(3370 When the last term admits of many divisors, 
the nunrber of trials may be lessened by finding the 
limits betvyeen which the roots of the equation lie ; or 
by increasing, or diminishing, the roots of the equa- 
tion, and thus lessening the number of divisors ofthe 
last term. 

(338.) T/ie number of trials may also be lessened 
by substituting three or nvore terms of tlw arithmeti- 
cal progression 1, 0, -.1, Sgcfor the unknown quan* 
tity^ andforming the divisors of the results, taken 
in Order, into arithmetical progressions, in which the 
common difference is unity ; as it will only be neces* 
sary to try those divisors of the last term of the 
eguation which arefound in these progressions. 

Let 
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Let x+ä.QssOhe the equation, one factor of whidi 
n x+äy and Q the product of the rest; if 1, 0, — 1, 
be' sucoessively substituted (ov x, the results are respec«- 
tively divisible by a + l, a, and a-1; therrfore 
amongst the divisors of the results^ formed into arith«*» 
metiGal prdgressions in which the common difierenoe 
18 unity, is found the decreasing progression a + 1, a, 
a- 1 ; and if all the terms corresponding to a, with 
their signs changed, be substituted in the equation for 
x^ the integral values of :r will be discovered. 

Ex. Lettheproposedequationbeo?®— 4 x*—6ap+ 13 
=0. 



Supp. 


Results. 


Divisors. 


Progr. 


x=. 1 

x= 

a;= -1 


3 
12 
13 


1, 3 

1, 2, 3, 4, 6, 12 

1, 13 


3 
2 
1 



The only decreasing progression that can be formed 
oatiof the divisors is 3, 2, 1, therefore if one root of 
the equation be a whole number^ — 2 is that root i 
and on trial it is found to sücceed. 

(339.) If the highest power of the unknown quan- 

tity be afiected with a coefficient, let mx + ax Q=0 
be the equation^ and Substitute 1,0,— 1^ suqces- 
sivdly for. j?, then a+m^ a, and a — w are divififors of 
the results^ if the equation have a factor of the form 

mx+a. or a root . Also m. the common differ- 

ence^ in the arithmetical progression ft + m^ a, a — m^ 
is a divisor of the coefficient of the first term of the 

M 2 equation. 
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eiiwtioii^ Jq tbia casa thereftire» all tfie deGreasiiig 
pic^p^siipps mi|rt be teken oirt of the divisor» of the 
res«Uii^ quMtitiesi in wbich the oommcm difl^nce i» 
umtjF> or BQti^e diviscf of the coefficiant af th^ higheat 
^ t&tm oC Ihe «qwtion^ »nd amongst thetn 13 the pfo* 
gi«9«iM:#+M» fi^» a-9t; therefore by fnaking trial» 
auccossively^ of tbe terms correaporiding to a in th« 
progressions thuft «ibtemed, tbe. &ctof ms+a^ whick 
dbiidea tbe e^tation withcwt reisainder, will be fouod. 

Ex. To fltid a divisor of the eqoation 8 a?— 26jp* + 
11^4- IQs 0^ if it ado>k one of Ihe form msf + a. 



Sup, 


Reg. 

3 

10 
-35 


DiVKSCH«« 


• 

ProgFess. 


x= 1 
x= 


1,3,-1,-3 

1,2,5.10,-1,-2,-5,-10 

1,5.7,35,-1,-5,-7,-35 


3,3,-3 
' 1,2,-5 

-i>i,t7 



The decreasing progressions, in which the common 
diü^rence is a divisor of 8, formed out of the divisors, 
are 3, 1,— ,1; 3, 2, 1 ; and -3, -5, -7; therefore 
the fectors to be tried are 2x+l, x+2, and 2a? -5, 

the last: of which succeeds, and consequently 2 a? — 5, 

5 

= (Art. 268)f, or x= -. 

(340.) If an equation be of four, or more dimensions> 
though it has no divisor of the form mx + a, it may 
have one of the form +mx^ + nx + r. 



To find when this is the case, let ±mx^+nx + r 
X Q = be the equation ; and for x Substitute succes- 



sively , /? + e, /?, p — e, &c. then ± m.p+ef + n.p + e + r^ 
±mp^+np+r, +m.p-er+ti.p — e+r,&c. aredivi- 
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wn of the resulting quantities ; and if they be respec- 
tively sabtracted from, or added to, m.p+€\\ m.p\ 
m.p^^\ &c. the remainders, or sums, are n.p + e + r, 
np+r, n.p—e+r, &c. which form a decreasing arith- 
metical prc^ression whose common diflerence is ne. 
When /i=0, and e= 1, this progression becomes n+r, 
r. — n+r&c. and in all cases m^is a divisor of the 
first term of the equatiön. Let therefore I, O, — 1, 
— *2, &c. be substituted for x in the proposed equa- 
tion^ and let the differences and sums of the divisors 
of the results, and m, O, m, 4m^ &c. be taken ; then if 
all the arithmetical progi-essions possible be formed out 
of these quantities^ in oixler^ amongst tliem will be 
found the progression n^-r^ry^n-^-Vy &c. therefore, 
by trial, the divisor mj?' 4- wj? + r will be discovered, if 
the equatiön admit of a quadratic divisor whose coeffi« 
cients are whole numbers. 

Let the propbsed equatiön be 3a^-\-4^ + 3x*-2x 
+ 2=sO: 



Sap. 
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From the first progression, n=^—Ayr^2\ from th 
other, n = 2, and r = — 1 ; therefore, since m ma^ 
either be positive or negative, the divisors to be trie< 

ar 
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are ± 3x* - 4a: + 2, and ± 3x^+ 2x-l; of which, - Sjj* 
+ 2a?- 1, er 3x*— 2a?4 1 succeeds; consequently, the 
roots of the equation 3j?* — S^r+l =0, are two roots of 
the proposed biquadratic. 



THE METHOD OF APPROXIMATION. 

(341.) The most useful and general method of dis- 
covering the possible roots of numeral equation s, is 
approxiniation. Find by trial (Art. 318), two num- 
bers, which sub^ituted for the unknown quantity give, 
one a positive^ and the other a negative result ; and 
an odd number of roots lies between these two quan- 
tities^ that is^ one possible root at least, .lies between 
them ; then by increasing one of the limits, and 
diiainishing the other, an approximation may be made 
to the root; Substitute this approximate value^ in- 
creased or diminished by Vy for the ünknown quantity 
in the equation, neglect all the power» of v above thei 
first^ as being small when compared with the other 
terms, and a simple equation is obtained for deter- 
miningt;, nearly ; thus a nearer approximation is made 
to the root, and by repeating the Operation, the ap- 
proximation may be made to any required degree of 
exactness. 

- Ex. Let the roots of the equation ^ — 3y + 1 = O 
be required. 

When 1 is substituted for x the result is —1, and 
when 2 is substituted, the result is +3, therefore one 
possible root lies between 1 and 2 ; try 1.5, and the 
result is — .125, or the root lies between 1.5l and 2. 
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Let l.5+t;:?=j^; tben, 

y^=: 3.375+6.751; + 4.51;*+»^ 
-3^=: -4.5 ^av 

+ 1=+1 

that is, — .i25+3.75t) + 4.5t;*+i;* = 0, and neglect^ 
ing the two last terms^ — .125 +3.75 v = 0, or t;= 

125 
^— = .033 nearly, and ^s=1.5 +1; = 1.533 ncsarly. 

Again^ suppose 1.533 +v=y; by proceeding ^s before, 

we find .003686437 + 4.0502671; = O, and r = 

-.003686437 ^01 

> ' A -' '^= - .0009101 &c. hence,y=s 1.533089 

peariy. The other roots may be found by the Solution 
of a quadratic (Art. 267). 

(342.) The accuracy of the approximation does not 
depend upon the ratio which the quantity assumed 
hears to the root, but upon ifs being nearer to one 
root than to any other,. 

Let the roots of the equation af -^psi^^ ' + qoff"^— &c. 
= 0, be a+m, a + », a^r, &c. of which a+i» is the 
least ; assuine a+i?=a:, and let P — Qv -f Rv^ - Sv^ + 
&c.=:0, be the transformed equation^ whose roots are 

Q 1 1 1 ^ 

m, >», r^ &c. then -ri="~ + - H h &c« (Art. 273), 

F m n r ^ ' 

P 1 

.^ and jr =5 -= — - — ' — : In the process we assume P 

^ 'i + i + i + &c. 
m n r 

- Qv^Oy or ^=75^7"' — "{ — j 5 and on suppo- 

^ -+i+i+&c. 
m n r 

sitioo 



MSTHOD QV APPROXIMITIOM. 18$ 

sition that m is much Icss than it or r, &c. — is mucfa 

m 

11 P 

greater than - +- +&c. and 7;=^ nearly; but if m 

bear a finite ratio to n or r, the approximation will be 
leas accurate^ and the less these magnitudes n, r, &c. 

are, the greater en-or is made in supposing -- + - + &c. 

to vanish, when compared with ^. 

'' tn 

(343.) When m and n are nearly equal to each other, 
and much less than r^ Sy &c. and also both positive ör 

both negative, then -^ = = , nearly^ 

— T - * + — 

m n n 

which is an approximation to m the less of the two ; 
but if one of these quantities be positive and the other 

negative^ -^ + - niay be either positive or negative, 

and greater, equal to, or less than - + -+&c.and 

P . 

oonsequently -^ is not necessarily an approximation to 

any of the quantities m, n, r, s, &c. , 

Let P— Qt; + fit;* = ; the roots of this equation 
will be m and w, nearly. For if iw, w, r, *, be the 
roots of the equation P— Qv+jRir*-AS't^+&c. = 0, 
P:=imnrs, Q^mns+mnr'\-mrs + nrs^^ Rszmn + 
mr+ms + nr + ns + rsy and since m and n are small 
when compared with r and s, Qz^mrs+nrs nearly, 
and R:=rs nearly; therefore the equation P'-'Qv + 

Rv^szO becomes mnrs^mrs+nrs.v+rsv^^O; 

hence. 
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hence, t;*— m + ''•v +91192 sO^whoserootsaremaqd w. 
By the Solution then of this quadratic, a much nearer 
approximation is made to the root ü'^m than by the 
fortner method^ and at the same tinie, an approxima- 
tion is also made to the root ä+n. 

(344.) In the same manner^ if ^ roots be nearly equal^ 
in Order to approximate to them, it will be necessary 
to solve an equation of t dimensions. See Dr. Waring's 
Med. Algeh. p. 186. 

(345.) If we have two equations, containing two 
unknown quantities^ we may discover the ^alues of 
these quantitie.s nearly' in the same manner. 



Ex. 



Let \ ^ ^ ^^ r To find x and y. 



Find, by trial, approximate values of x and y ; such 

are 20 and 1 ; and let ^=20+i;, y = 1 +z ; 

then 3(?y ^AOO + AOv + AQOz +v^ + AOvz+v*z^AOb^ 

and j?y— y'=19+v+18Ä+r« -;s* = 20, 

and neglecting those terms in which ä or v is of more 

than one dimension, or in which their product is 

found, as being small when compared with the rest, 

400 + 401; -1-400 Ä= 405 
19+v+i8;s = 20 
40i; + 400ä = 5 
t; + 10sJ = .125 
and 1; + 18 Ä + 19:2=20 
orv+18Ä = l 
hence, 8ä = .875 

« = •109375 
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V SS. 125 - 10«= -.96870 

therefore Ar=19.03 
and ys 1.109. 

By making use of the values thus obtained^ nearer 
approximations may be made to x and y. 



ON THE REVERSION OF SERIES. 

(346.) If two quantities Ax + -Bx* + Cs? + &c. and 
aj?+6a;^+ca?' + &c. be alway^ equal^ the invariable 
coefficients of the corresponding terms are equaL 

For if these equal quantities be divided by x^ we 
have -4+ -Bx + Ca?*4-&c. =a+ftx + cx^+&c. or 
when X vanishes, A^sa^ and A and a are invari- 
able^ therefore in all cases^ A^a ; hence also^ 
Bx + Cr* f &c. = bx+cx"* + &c. pr dividing by x, 
B+Cx+icc.=sb + cx+&cc. and when x vanishes^ 
B^by therefore in alt cases, B:=zb. In the same 
mannet^ C=sc, &c. 

(347.) Cor. U A+Bx'\' Ca^ + &c. =0 in all cases, 
then A^O, 5=0, C=0, &c. 

(348.) Approximation may be made to a root of an 
equation, by assuming for it a series,'involving the 
powers of that quantity in terms of which. it is sought, 
with indeterminate coefficients ; this^series being sub- 
stituted for the unknown quantity in the proposed 
equation^ the coefficients may be found by making 
each term equal to 0, and thus the series, which 
expresses the value of the unknown quantity^ may be 
determined. 
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Ex. Let^'— Sjf+^sO; requiredthevalueof y in 
terms of x. 

ijet y^sax-^büi^ + cjc^+dx^ -^tcc. thcn 

+3a6V L 

-3y= -3aa:-^ftj:'— 3cx^- 3rf:r'^— &c.'^"" * 

and supposing each term to vanish (Art. 347), — 3 a 

1 • , a' 1 ., 

+ 1=0, or a=s- ; a^-36=0, 6=--=—; 3a*6-3c 

= O, and c = a*Ä = rg j &c. therefore 

y=5+34"*'3?+&c% and when a?=l, 3^=5+34 + 

-^ + &c.s.347 &c. which is one root of the equation 

yi_3y + l=0. 

If for y, the series ax+bs^ + cx^+dx^^&cc. had 
been assumed, the quantities 6, <f, &c. would have 
been found=0; therefore the even terms are un- 
necessary. 

(349.) Cor. The less x is assumed^ the faster will 
this series converge, aud the more accurately will y be 
obtained. 

(350.) This method of approximation is similar to 
the former, in this respect, that the series will have a 
slow degree of convergency, unless one value of 2/ be 
much less than any other. If this be not the case, find 
m, an approximate valu6 of y, by trial, and assume 
m±p=sy; then, when one value of v is much less 
than any other, it may be found by this reversion, 

and 
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and coBseqnentiy that value of y whieh is nearert to 
m^ will be known. 

I» tbe example Art. 341, ^ being fi>und nearly 
1.5^ assume t^ + 1 .5 ss^^ and the equation is Irans- 
fonned into t;'+4.5v*+3.75t;-.126«0: call Ais 
t;'+/it?*+jt;— a?=0, and take t;Äaj:+6x* + cx* + 
ib^-^&c then 

hence^ jra — 1 SS o, and a=- =-—-= .26666 &c. y6 + 

po*=0, and bsz^^ — = —.08533 &c. therefore »ä 

9 

.26666 X .125 - .08533 X .125T + &C. s .0320 &C. 
and y = v + 1 .5 = 1 .5320 &c. as before. 

(35 1 .) Tbe same method may be used tf> find jß in 
tems of Xj vrhen x and y, and their powers^ are com«« 
bined in any manner in the equation. 

Ex. 1. Let a:=:ay + 6y* + cy' + &c. required the 

Value ofy in terms ofx. 

>>. 

Assume y^Ax + Ba^+ Cr^+&c. 

then ay zsaAx + aBji^+ aCüo^+Scc. 
by^=z bA*x' + 2bJBx^ + &:c. 

cy^:=z C-/4V+&C.^=0, 

&c.= &c. / 

therefore a^-l=0, or -rf=-; aB+bA^ssO, or 

a 



190 8UMS OF THB POWERS 

-2h AB cA^ 2b*-ac , . x ba* 

a a «ä ' ^ a ofi 



•*' 



+£*l=^&c. 



a^ 



Ex. 2. Let x^y — ay' + hy^ - &c. requtred the value 
of y in ternis of o?. 

«Assüme y^Ax-^-Bai^ -{-Cx^-^Sic. 
then y = j4x + Äar^ + Cx^ + &c. 

- 03^3 - _ aA'x^ - 3 aA'Bx^ - &c. 

&c. ^ &c. 

— 0? = -a? 

hence, -4— 1 = O, or^=l; 5— a-^'=0, or jB=a; 
C-3a^*5+M^ = Ö, or C=3a*-ft; &c. therefore - 

The method of determining the proper series to be 
assumed in each case^ without previous trial^ is given 
by Maclaurin ; Alg. Pt. 2. Ch. 10. 



ON THE SUMS OF THE POWERS OF THE 
ROOTS OF AN EQUA tlON. 

(352.) Let fl, Ä, c, &c. be the roots of the equation 

üf'-px^^' + qx*^^ +Wü[f"'"'- &c.^0, and Ay 

By Cy Py Qy Ry Sy the suHi of the roots, sum 

of their Squares, ciibes^ m - 3, m— 2, m - 1, 

niy powers respecti vely ; then will A^py B=pA— 2y, 

C=:pB-qA + 3ry &c. and S=p R-qQ + rP 

— mw i 
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-mti;; where + w is the coefficient of tbe m + 1^ 
t tenn. 

It appears by Art. 308 that 

= H tH &c. whatever be the value 

jp — a 0?— 6 X — c 

of jr ; and by actual division^ 

= -+—. + -^ +-=rTT + &c. 



1 1 . c c* c** o 

= -+—« + — +-zrr: + &c* 



&c. 
and if or be supposed greater tban any of tbe magni- . 
tudes a, ft, c, &c. no quantity is lost in the division . 
therefdre by addition, 

_n ^ Ä jP_ Q /? ^ 

"^ "^ "^ T« "^ *"»* * • • "'^ W/t» "*■ -y,m-i "'' «.*'* r»^» + « "^ 

&c. and multiplying by x" - psff"^ + qsT'^. . . ..+ 
waf*^** - &c. we have 

- &c. = 



w«'*'* 
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ssO; which equation has the roots a, b, c, &c. and 
m — w roots each equal to o ; therefore the sum of the 
m^ powers of the roots of this equation is equal to the 
sum of the m^ powers of the roots of the former ; that 
is, S=p R^q Q+tic* ton terms. 

Wheri in is less than n : The sum of the m^^ powers 
<rf^the roots may be expressed in terms of p^q, r, . . . . w, 
where to is the coefficient of the m+l^ term of the 
equation. For p* cöntains a' + 6' +c*+&c. with 
other combinations of the roots^ ^s ab, ac, bc, &c. 
which combinations are contained in a multiple of q; 
also, pP cöntains a^ + 6^ + c' + &c., with other combi- 
nations, such as a^bj ä*Cy h^a, &c. abc, acd, bcd, &c. 
and these combinations may be made up ofp, q and 
r ; for px q cöntains the quantities a% a% b^a^ &c. 
and r is the sum of the quantities abc, acd, bcd, &c. 
In the same manner it appears, that a* + 6* + c* + &c. 
may be found in terms of j9^ q, r^nd s ; and in gene- 
rale a**+fr* + (f*-h&c. may be expressed in terms 
of p, q, r,,...w. Also^ the number of combina- 
tions of any particular form^ as a^b^ cannot be altered 
by the introductioti of the root c ; consequently the 
numeral coefficient of the product pq^ by which the 
combinations of that form are taken away, is the same^ 
whatever be the number of roots : Hence the ex- 
pression for fl^+Ä^ + c^ &c. in the equation ^— 

poe^'^^ + qaf"'^ + ti;ar~"**— &c. = 0, is the same 

with the expression for the sum ofvthe w* powers 
of the roots of the equation af^^pof*"'^ -j-qsf^ 
+ w=50; that is^ Ä»/?/? — y Q. . . . — mti;. 



— » 
• • • • 
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cause it has two changes <rf signs or, none^ according 
as the s^tond tefm is supposed to be — o, or + o. 
In the saine manner^ if any tenn of an equatioa be 
wanting, and the signs of the adjace^t terms be 
both ipositive or both negative^ the equation has, at 
least, two impossible roots : and if two succeeding 
terms be wanting, it must always have, at least, two 
impossible roots. 

(335.) Impossible roots enter equations by pairs 
(Art. 277) ; they aho lie under the form of two posi- 
tive or two n^tive roots. 

Let ±a+^/-*• and ±a-.y/-A' be the roots; 

thena? + a— j^^b*xxTa + ^ -^b^^afl + üax -ha* 
+ 6^ = O, the signs of which equation shew that it has 
either two positive, or two negative roots. 

(356.) Cor. Hence, if the ^ast term of an equation of 
ßn even number of dimensions be negative, it will 
have at least two possible ro(9ts, one positive and the 
other negative (Art. 27 1). 

(357.) Let an equation be transformed into one 
whose roots are the Squares of the roots of the foriner, 
(Art. 296), then as many negative roots as the trans- 
fohned equation ebntains, so many impossible roots, 
aft least, are in the original equation, because the 
Square of a possible quantity is always positive. 

(358.) If any series of magnitudes be substitufed 
in Order y for the tmkncuvn quantity in an equation, 
there can only be as nmny changes of signs in the 
results, as the equation contains possible roots. 






K 2 Vä\. 
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Let x^ — 2ax+ä* + 6* x o? — c.x - d. &c. =0, be an 
equation whose roots are a + v —6% a — -\/"--ft% c, rf, 
&c. whatever magnitude is substkuted for j?, the quan- 
tity x^ - 2ax-h n^ + 6*, which is the sum of two Squares^ 
x — aY+ b% is positive ; therefore the changes of signs 
can onl y arise from the Substitution of quantities for x 

in the product x — c.x—d. &c. which changes, When 
the quantities are taken in order, are as many as there 
are possible roots c, rf, &c. (See Art. 298.) 

(359.) The Umiting equation* haSy at least, as 
many possible roots as the original equation, ivanting 
one. ^ 

.. Let x^-^2ax + a^+h^x x-^cx—d. kc. :=0 he the 
propoi^ equation, the limiting equation is 



a?* - 2 ao? + a* + i* X j? - c. &c. 
+ x'—2ax + a^+b^ x x-d. &c. 



+ 0? — a+ >>/ — Ä^ X X - c.a? - rf. &c. 



= 0, 



+^ — a — x/ - 6*x 0? — c.a? - rf. &c. 
or by adding the two last terms together, it is 

j?^— 2aj? + a* + ft*x Ä?- c. &c. \ 
+ x^'-2ax + a^ + b^xX'-d.Sic, >=Ö, 
4- 2.cr— ÄicT — c. x-d.&cc. \ 

(See Art. 307), i^^ which, if c, d^ &c. be successively 
substituted for x^ the results are + , - , &c. therefore 
there are possible roots in this latter equation which lie 
between c, t/, &e. or this equation contains at least, as 
many possible roots, wanting one, as the original 
equation. It may contain more. 

(360.) Cor. 

*Tliis is the limiting equation mentioued Art. 307'; the pro- 
positioa is uot necessarily tru© of the other h'miting^quations, 
(Art. 314.) - 
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(360.) Cor« 1 • Hence it follows, that thiEfre are, ' at 
least, as niany impossible roots in the original equation 
as in . the equation of limits. There may be niore ; 
therefore from the nunnber of impossible roots in the 
limiting equation, we cannot determine, exactly, the 
number in the original equation. 

(361.) Cor. 2. Hence also it appears, that if the 
possible itx>ts of the limiting. equation be substituted 
successively in the original equation, we know from the 
signs of the results, what possible roots the latter con- 
tains. For, roots of the limiting equation lie between 
tbe pcmsible roots of the j)ropo8ed equation (Art. 359.) 

Ex. Let j:»+3-a" + V+/>M' + ^=0. • 

Its limiting equation isw+3.x"+*- 2a'''*^'T = 0; whose 



possible roots, when n is an odd number, are - 



1 

2 



0, and 



n+3 

1 



'*' xflr» 



, ^*'^^'xa\ which substituted in the original 
w + 3 ^ 

equation give the results either — > +, -, or +, -f^ 

H- ; therefore it has either four possible roots or none. 

\l^hen n is even, the possible roots of the limiting 



equation are and 



1 



'*"*'^xa; therefore the equation 

n + 3 ^ 

itself will have one possible root or three, according as 



""''^ X fl, when substituted for x^ gives a t)ositive 
n+3 

or a negative result. 

(362.) The roots of a, quadratic equation are im- 
possible, if the Square of the middle term be less than 
four times the product of the extremes. 



Let aÄr*+*^+c = 0; then 0? 



_ ~ h±^ b' - 4a 



c 



2a 
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wbich expreasioi^ bßcooiie» ioipossiMe whi»u. i^ w less 
than 4rac. 

(363.) It appears from Art. 36i[>, that there are 
impossible roots in an equation^ whenever there are 
impossible roots in it's limiting equation. I*n the same 
manner^ if the next limit betaken^ there are impossible 
roots in the original equation^ whenever there are 
impossible roots in this limit; and if the limit he thu» 
brought down to a quadratic, when the roots of the 
quadratic are impossible, there are impK>ssible roots io 
the original equation corresponding tothem. On this 
principle is founded Sir I. Newton's rule foF discover- 
ing impossible roots in any equation. 

Let the proposed equation be x^'^px^"^ . . . . -h 
2)j;»-rr+i_^^-r^ jp^^-r-i _&e.=0. To obtain a 

limiting equation, which shall be a quadratic, corre- 
sponding to the terms Dx'"'^'^' - EoiT^'' + Fa'*"'^-', let 
the succeeding terms be taken aVay, by multiplying 
by the terms of the arithmetical progressions w, w — Ij^ 
«—2,. . . .2, 1, O; W— 1, n— 2,. . . .2, 1, 0; w — 2, 
W--3, . , . .2, 1, 0; &e. and let the preceding terms 
be taken away, by multiplying by the terms of the 

progressions, 0, 1, 2, r-V 1 ; O^ 1, 2, r ; &c. 

as foUows ; 



og" 
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The respective products being taken, and tbose quanti- 
ties left out which are found in every product, we ob- 

tain a limiting quadratic w — r + l.w - r.Z)a?*— 2.^^— r. 

rEx+r + l.rF=:Oy correspönding to the three terms 
2>a^-^+«-£x'»-'" + JRp^-'-''; and if two roots of this 

quadratic be impossible^ that is, if n-rYx r^E^^ be 

less 



dOO IMPOSSIBLE ROOTS 



less than n-r+l .n-r.r+l . rUF (Art. 302), or 

E^ less than DF, there are impossible 



n-r+l.r+ 1 

roots in the proposed equation^correspooding to them'^. 

Write down therefore a series of fractions -, *-^ — , 

\' 2 ' 

«-.2 n-^r'\-\ n-^r ,. . , v r. .. . 

-— -— , . . p . ' , — --• ; divide each iraction bv 

that which precedes it, and place the results, , 



w-2.2 n—r.T . 1. X - 

, over the succeedmg terms 



• • • • 



»—1.3 w— r + l.r+1 

of the equation, beginning with the sepond ; also^ 
place the sign + under the first and last terms, and 
under every other term + or — , according a& the 
Square of that term multiplied by the fraction which 
Stands over it, is greater or less than the product of 
the adjacent terms; then there will be as many 
impossible roots in the equation as there are changes 
of these signs from + to — and from — to +. 

Ex. Let the proposed equation he'a^'-4x^ + 4x 
-6 = 0, 

In the series of fractions -, -, -, if each term be 

divided by that which precedes it, we obtain -, -, to 

3 3 

be placed over the terms of the equation ; 

+ + - + 

and 



•«»>- 



* See Art. 315. 
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and since -ZLl, or _-^ is greater than 4 x 1, the sign 

+ must be 'placed under the second term ; but — , 

3 

lg f 

or — ^ is less than — 4 x — 6, or 24, therefore the sign 

— must be placed under the third term ; and + 
b^ng placed under the first and last terms, there are 
two changes of signs ; therefore the equation contains 
two impossible roots. 



SCHOLIUM. 

(364.) The discovery of the number of imjpossible 
roots in an equation has given great trouble to Alge- 
braists, and their researches, hitherto, have not been 
attended wijkh any great success. In a cubic equation 
x"^-- qx -^ r = two roots are impossible or not, 

according as — is positive or negative (Art. 331). 

A biquadratic, a/^+qx^+rx+s=Oj has two impossible 
röots,when two roots of the equation^' -#- 2qy* + q^ - 4s. y 
— r* = 0, are impossible ; and all if s roots are impos- 
sible, when the roots of this cubic are all possible and 
two of them negative (Art. 333). 

(365.) Dr. Waring has given a rule for determining 
the number of impossible roots in an equation of five 
dimensions, but the investigation cannot properly 
be introduced into an elementary treatise. See Med. 
Algehrcdcce^ p. 82. 

" * (366.) Sir 
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(366.) Sir I. Newton^ rule (Afsk 363); iß gener^l s^nd 
eaBÜy applied, but as it is deduced from the nature of ^ 
the inferior limi^ts^ it will not always detect impossible 
4ro|ts (Art. 36o). The proof aliso is defective, as it 
does not extend to that part of the rede wbicbi re- 
spects the number o£ impossible roots. Thui» far 
bQWQVQPf it HAiy be dep^nded uppn, that ib sheyer 
shi^iw impo^ible roots, but when tl^ei^ ^re somie siicbi 
in tlw propo9ed equation. 

Many other mies, wl^ich will frequentüy diiscover 
the impossible roots in any equation^ may be seen in 
the Med^Alg. C. 2. 
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ON UNLIMITED PROBLEMS. 

(367.) When there are more unknown quantities 
than independent equations^ the nunber of cor- 
responding values which those quantities admit^ is 
indefinite (Art. 145). This number may be lessened, 
by rejecting all the values which are not integere ; 
it niay be farther lessened, by rejecting all the negative 
values ; and still farther, by rejecting all values which 
are not square, or cube numbers ; &c. By restrictions 
of this kind, the number of answers. n^y be confined 
within definite limits. 

(368.) Ifa simple equation express the relation of 
two unknown quantities^ and their corresponding in^ 
tegral values be required ; divide the whole equation 
hy the coefficient which is the less of the two, wnd; 
suppose that pari of the quotient, which is itir aßfiac- 
tiomlform, equal to so/ne whole number ; thus a new 

* y^ ' simple 



■ > 
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simple equaiion is obtafjfied, tvith which we may pro- - 
ceed as before ; let the '^fperation he repeated, tili the 
coefficient ofone of the unknown quanHties is unity, 
'%nd the coefftdent of the other a whole number ; - then 
an integral value of the Jbrmer may he ohtained hy 
suhstituting 0^ or aiiy whole numher Jbr the other ; 
andjrom the preceding equations, integral values qf 
thequaniUiesproposedmm/heJbund. ' " 



t' 



Ex. 1. 

Let 5a? + 7y=29; to find the corresponding in- 
tegral vykiei of X and y. - 

Dividing the whole equation by 5y the less coe£- 
ficient, 

2y 4 

x+y + Y= ^ + 5 

4 — 2y 
OTX :=z 5 - y -k- — — ^ . 

Assume — — -^ =|), or 4 — 2^ = 5// 

then 2 — y = 2/? + - 

P 
y = 2-2/)- I 

let p = 2s, then y =2-5>, and x =5^y + p 
.= 3 + 6,9 + 2* = 3 + 7s. 

If ^ s= O, then x=3 and y = 2^ the only positive whole 
numbers which answer the condition of the equation ; 
forif* = l, then i?= 10, and y= -3 ; andif*= — 1, 
then j: = - 4, and y = /• 

' Ex. 2. 
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Ex. «. 

To find a number which being divided by 3, 4, i, 
the remainders are 3, 3, 4, respectively. ä^ 

Let X be the number, 
then —T — = J», ä whole number, 

er a? = 3/1 + 2 ; also, fro^i the second^^ondition^ 

a? - 3 3ü — 1 , I »i^_ 
, or -V— — = y, a whole numD|r| 

that is, 3/> - 1 = 45^ 

, ? + 1 
or ;» s= ^ + 2-j— ; 



■ ■4- 



,0+1 

let -2— — ^^ = r, or gr = 3r — 1, • - 

3 

then /? = 4r - 1, and a? = 37> + 2 = 12r— 1; 

again, from the third condition, ^ — --^ or 1 is 

2r * 

a whole number, that is, 2r+ -- — 1 ,is a whole num- 

5 

^v 2 ^' 

her. therefore — is a whole number; let-r- = 2m; 

thenr=5w, and a?=12r— 1 =60w— 1 ; ifw=l, x=: 
59 ; if w = 2, a? = 1 19 ; &C. 

(3.69*) If the simple equation contain more unknowu 
quantities, their corresponding integral values.^ay be 
found in the same manner. 



Ex. 3. 

Let 4a? + 3y + ro = 6v; to find corresponding 
integral values of j?, y and v.^ 

Dividing 



i' .* 



2o6 -i? uNLttfttrEp VkofBMEm. 

Dividing the whole ^^uation by 3, the least coef- 
ficient^ 

. « . -^ + 1 2t; 

„ , 2v - J? - 1 
y = IT— 0? — 3 H . 

Assume - * ^ ■ ^ e=ip, or 2i; — j?— 1 =3j>, 

> 3 

•♦ 

4hfen J? = 2v - 3/? — 1 
and y=«; — 2t; + 3/? + l— 3+/> = 4^-.t;- 2, 
and substituting for p and v^ nothing, or any whote 
numbers, integral values of a? and y are obtained : If 
t;=3, andp=:l, then 30 = 2 and 3/= — 1 ; if t; = 4, and 
j9 = O, then a?= 7 and y = - 6 ; &c. 

(370.) In the Solution of diöerent kinds of un- 
limited problems, different expedients must be made 
use of, which expedients, and their application^ are 
chiefly to be learned by practice. 

i 

/ 

Ex. 1. 

To find what numbers are divisible by 3 without 
remainders. 

Let ö, b, c, rf, &c. be the digits, or figures in 
the iinit*8, ten's, htindred's, thousand's, &c. place of 
äny tiuiiiber^ then the number i8a+106+100c + 

1000rf + &c. this divided by 3 is - +3 6+ -+33c + 

3 3 

t +333rfH h&c. or Z — ^ H-3 6+33C 

33 3 

4- 333 d + &c. which is a whole number when 
^ ■ ■ — ' is a whole number ; that is, any 

uumber 
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number is a multiple of 3 ^,if the sum of it*8 digits 
be a multiple of 3. Thus 111, 252, 7^^^9 ^<^» ^^ 
imikiples of 3. 

In the same manner, any number is a multiple of 9 
if the sum of it's digits be a multiple of 9* 

For . ^ =- +6^.- +11C 

+ - +llla + - +&c.2= ' +6+11C 

9 9 9 

+ llld+ &c. which is a whole number when 

." is a whole number. Thus 684.6588, 

9 ' 

&c. are multiples of 9. 

Cor. 1 • Hence, if any number^ änd the sum of it*s 
digits^ be respectively divided by 9, the remainders are 
equal. 

Cor. 2. t'rom this property öf 9 may be deduced 
a rule which will soraetimes ddt€ct an errolr in the 
multiplicätion of tWo tiumbefs. 

Let 9a + ^ be the multipticand^ 
96+y the multiplier, 

then Smb + 9bx +9ay +Xi/ is the.product; 

anäif tfae^dito of Ihä di^ts in th^ muTlipllMAid bfe 
divided by 9, the remainder is x ; if the sum of the 
digits in the multiplier be divided by 9^ the remainder 
is y ; and if the sum of the digits in the produet be 
divided by Q, the remaindep is the same as when the 
sum of the digits in xy is divided by 9, if there b^ no 
mistake in the Operation. 
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^x. 2. 



To find a perfect number, that is, one which is 
^*equal to the sum of all the numbers which divide it 
without remainder. ^ ' 

Suppose y"x to be a perfect number ; it*s divisors 

are 1, y, y' y% x, xy, xy". . .xt/"""^ ; 

therefore ya?= 1 +y +«/*. . . . +y"+x+xt/+xy*. . . . 

Now 1+2/+/ + r = '^ y J"i ^ 

t/'*— 1 
and 0? + J?y + j?2/® + xy"""* = ^^— y x ^ (Art. 

222) ; 

> therefore y''x =c ^^ ^-^^^ 

or y+'o?— \y"Ä?=y*+*— 1 +i/''a7- jc; 

hence, a? = — -n :: ; and that x may be a whole 

' y« + i — 2y'*-f 1 ^ 

number, let y'*^ * - 2/ = 0, or y - 2 = 0, that is, y = 2 ; 
then 0? = 2^+' — 1 . Also, let w be so assumed that 2**+ ' 
— 1 may have no divisor but unity, which was sup- 
posed in taking the divisors ofy^x ; theny^Xy or 2'' x 
2« + ' — 1 is a perfect number. Thus, if w = 1, the num- 
ber is 2 X 3 or 6, which is equal to 1+2 + 3 the sum 
of it's divisors : If w = 2, the number is 2^ x 2* — 1 = 

Ex. 3. 

To find two Square numbers, whose sum 4s a square. 

Let 0^ and y* be the two Squares ; 

Assume a?*+y* = wa?— yj*= wV - 2 nxy^ +y, 

.- .•***? ■ 



^J> 
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then af = nV— 2nxy 

henoe^ n^ «- I .x » 2ny 

n^— 1 
And if n and y be assumed at pleasure^ such a value of 
X is obtained^ that a^ + ^^ is a square number. 

But if it be required to find integers of this deacrip- 
tion^ let ^=72^— ly then 0?=: 2n, and n being taken at 
pleasure, integral values of x and y, and consequently 
of x^ and y^, will be found. Thus, if n = 2, then y =3 
and x^4, and the two Squares are 9 and 16^ whose 
sum is 25. 

To find two Square numbers^ whose dinerence is a 
Square. 

Let j?* and y^ be the two Squares ; 
Assume x^ — y* = o? — wyP = x^ - 2«xy + n*y* 

then -y* = — 2 n.ry + 7i*y* 

or 2nx ^ n* + Y .y 

hence. x = ^ . 

' 2n 

And ify = 2n, then x^n' + l. Thus, if na=2, then 
y=4, and j;=5 ; hence, a;*—y* = 25 — 16 = 9''^. 

ON CONTINUED FRACTIONS. 

(371.) To rcpresent t in a continued fraction. 

Let 



* 9^ä« sabjecst^jM tbe Edinburgh Transactions, Vol. IL p. 19^. 
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b)a{p 

Let h be contaivied in a^ p times^ with xj/ 
a remainder c ; again, let c b€ contained 



in Ä, ^ times, with a remainder rf, and , d)c{r 
so on ; then we have 



c =^ rd + e 
&c. 



b ^ qc + d 

1 
= ^+ d 



# 9+3 



^ '^ rd + e 



s 



= ^ + 



«+-! 



^+3 

&c. 



that IS, 7 = /? + 



(7 + 



r + 



e&c. 



Ä + &c. 

(372.) Cor. 1. An approximation may thus be 
made to the value of a fraction whose numerator and 
denominator are in too high terms, and the farther the 
division is continued, the nearer will the approxima- 
tion be to the true value. 

(373-1 Cor. 
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(S73.) Cor. 2. This approtimation is alternately 
less and greater than the true value. Thus p is less 

than ^ ; and ji? + - is greater, because a part of the de- 
nominator of the fraction is omitted : qi- -- is- too great 
for the denominator, therefore p H is less than 



2 r 



|;&c. 



Ex. To find a fraction which shall be nearly equal to 
3^, andinlowertenns. 

100000 

100000)314159(3 
300000 



14159)100000(7 
99113 



887)14159(15 
887 



5289 
4435 



854)887(1 
854 



33 &c. 
Here, p-3,q = 7, V = 1 5, « = 1, &c. therefore J^^^ 



= 3 + 

7 + 



looooo, 
1 

15 + &<f. 

O 2 
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The &nt approximp^tion iß 3, which i$ too little; 

1 32 1 
the next is 3 4: - = — , too great ; the next is 3 + 



7+ 



IS 



15 333 
"^^ "^ Tnß ^ rö«' '^ liWk} and so on. Tbis fraotioa 

expresses^ nearly, the circuttiference of a circle whose 
diameter ^is unity ; therefore the circumference is 

greater thän 3 diameters, less than — diameters^ and 
greater than -^ , &c. 



(374.) To find the value of a continüed fractipn^ 
when the denominators qy r, s^ &c. reeur in any cer- 
tain Order. 



1 1 1 

Ex. 1. Let =x ; then — 

9^ i 9 r+x 

r + ^^ — 

a4 ' in inf. 

^ r+&c. 

=j?, or =5:j?; Jience r+x=^qrx+qx^+x, 

ar-^-ax+l ^ 



qr-Yq. 



• 



r 



and x^ + rx =0, from the Solution of which qua- 

dratie the value of x may be obtained. 



Ex. 2. Letx = 



aH . p = ; by squar- 






ing 



cammzo fiuctmiks. S13 

ing both sides^ 0?* s a -f — =a + - ; and 



\/a 



X 



Ä^— 0*- 5=0 ; iidience the value oi x may be found. 

(375.)^ In the same manner may the values of other 
qoantities, which rnnon in infinitum, be found^ if the 
&ctor8 recur. 

Ex, !• To find the välüe of s/^^Ja^a /J&c 
in inöiritum. 

I ^t w^\/ ay/aiic. = a? ; by squaring both sides ; 
?v ^Vff&e. =3 x^y that is, ax = a?% or x :=a. 

* * 

Ex. 2. Bfequired the value of 
\/«+VA-r-va+^fe+&c. in infinitum. 

^* N/« + V* + Va+V* + &c- =x; by squaring 
b oth sides, « + N/e^H-V a-H^-^:^^^^^ and 

'^^' ^s/a+y/b-^Si C. =a?^-^a; therefore 

Ä + ^/a+^J^&c. =a?*-3aj?*+a», or 6+Ä?=i?*- 
2aa?' + a*; hence, j?* * 2aa?* — x-^a*— fr=0; frora 
which equatiön J!- may be found. 

(376.) To ßnd the value ofa fro/Ction when the 
nttmerator 0md demmiinator are evanescent. 

Since the value of a fraction depends, not upon the 
absolute, but th^ relative magnitude of the nume- 
rator and denominator, if in their evanescent State 
ihey have a finite ratio, the value of the fraction will 
be finite, To determine this value, Substitute for 

the 
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the variable quantity, it's magnitude^ when the nume- 
rator and denominator vanish, increased by änother 
variable quantity ; then suppose this latter to decrease 
without limit^ and the value of the proposed fraction 
will be known. 

Ex. 1. Required the value of -, when x^a. 

Let x^a'\'V^ and the fraction becomes 
a* + 2at; -f- v^ - a* 2ßt;+t;* 

or x^a^ the value ,is 2a. 



= 2a -f- V, and when t; =0, 



Ex. 2. Required the value of , '" 

1— «I 

when j?=l. 

Let 0? = 1 + r, and the fraction becomes 



^ ,w— 1 - n — In— 2 

1-w + l X i+nv + n.——v^ + n,'— —-i^s^g^^ 

2 2 3 

_ ^ 



V 



n „ • n n— 1 



wx l+w+l.v + w-f l.^v^ + w + l.-.- 1;3 ^ gj.^ 

2 2 3 



V* 



W+ 1 , W+ 1 .W.W— 1 - • , 

w* — V : i;-f&c. and when t; = 0, or 

j?=: 1, the fraction becomes n . . 

2 

(3^7') To Jina the least common multiple of two 
quantities ; or the least quantity which is divisible hy 
euch of them without remainder. 

The 
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Tbe prbdvct of the two quantities divided by their 
greatest common measure^ is their least common 
multiple. 

V 

Let a and b he the two' quantities, x their greatest 
oommon measnre, m their least common multiple, 
and let m ciontain a, p times, and b, q times ; that is, 

let m:=zpa^qb\ then r=^ ; and since m is the least 
possiblcy p and q are the least possible ; therefore ^ 

is the fraction ? in it's lowest terms, and consequently 

a , ^ ah 

flf=- ; hence, m^qh=^ — . 

^ X ^ X 

Ex. What is the least common multiple of 18 and 
12? 

Their greatest common measure is 6 ; therefore their 

12 X 18 

least common multiple is — rj — =36. 

(378.) Every other common multiple of a and h is 
a multiple of m. 

Let n be any olher common multiple of the two 
quantitie? ; ahd, if pgssible, let m be contained in w, 
r times, with a remainder Sy which is less than m ; 
then »— 'rm=^; and since a and b measure n and 
rm^ they measure n — rm^ or s (Art. 9I); that is, 
they have a common multiple less than m, which b 
contrary to the supposition. 

(379.) Toßnd the least common multiple ofthree 
quantities a, b and c, tahe m the least comnum mul- 
tiple 
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tipkoftLomihy anin the lernt cmMmimiMfhofm 
and c ; then nis the least eammtm nmltiph souf^* 

For every common multiple of a and^ is a muT- 
tiple of m (Art. 378) ; tberefbre every coDtoion multi- 
ple otOyb and c is a multiple of m and e; alao> ev^ry 
muhipAe of m and c is a multiple of o^ 6 and c } con- 
sequently the least common multiple of m and c is the 
least common multiple of a, b and c. 

(380.) Three quantities are said tobe in harmonical 
Proportion, when the first is to the third, as the difier- 
ence of the first and second is to the difierence of the 
second and third. 

Any magnitudes jiy B, C, D, E, &c. are said to 
be in harmonieal progression, if A : C :: A-^B i 
B-^C; B.D:: B^C.C-'D; C.E.zC^Di 

(381.) TTie reclprocak of quantities in harmonical 
progression are in arithmetical progression. 

Let Ay By Cy &c. be in harmonical progression; 
then -4: C::^- JB.: 5- C; therefore -45 - -.^C= 
AC-'BCy and dividing both sides by ABC, 

1 _1_1 1 
C' B^B^A' 

Again, B:D:: B- C:C- D; thereforeüC- BD 
= 2>Ä-.i>C, and dividing byÄCA-5-^=~2; 

and "TV"" "ö has been proved equal to -^— -^; therefore 

the quantities --^, ^, j^,^, &c.havea common differ- 

ence, that is, they are in arithmetical progression. 

Required 
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(383.) Beqnired the cmbe root of tbe binomtal a + 

thcn v^Ä-^'J'i»=x-^/"^^(Art. 257); 

by muk. i^a''+ 6* =a?*+y* =3 1», by Substitution ; 
tbereibre y^ = m — ir* ; also from the first equation^ 

y* a/ — y'; therefore by Art. 263 , ar' - 3 J?y* s a ; or sub- 
stituting for ^ it*8 valoe 9»-ar% x'-3M»x + 3Js'xsa^ 
tbatigy 4jfi-3mx-a^0, a cubic equation, whose 
roots^ whicb are all possible, may be found by approxi« 
mation^ or by a method which will be given in a foUow- 
ing part of the work (Art. 515); hence, y, and 

eemsequently x±\/ -y^i the root required, may be 
determined. 

In the same maiiner it appears^ that the c* root may 
be extracted by the Solution of an equation of c dimen- 
sions. 



ON LOGARITHMS. 

(383.) If there be a series of magnitudes a^, a', o*, o*, 
...«'; a""', a^^y a"*,. . . . a^y, the indices, 0, 1, 2, 3, 
...x; — Ij —2, -3,...- — y, are called the mea- 
sures of the ratios of those magnitudes to 1, or the 
hgarithms of the magnitudes, for the reason assigned. 
Art. 165. Thus, Xy the logarithm of any numberc, is 
such a quantity, that «^ = c. 

Here a may be assuraed at pleasure ; and for every 
diflferent value so assumed^ a difierent system of loga- 

rithms 
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rithms will be formed. . In the oommon tabular loga« 
rithms^ a is 10^ and consequently O^ 1, 2^ 3,. . . . x, 

are the logarithms of 1, 10, 100, 1000,. . . • .To)^. 

(384.) Cor. l. Since the tabular logarithm of 10 
is 1, the logarithm of a humber between 1 and 10 is 
less than 1 ; and in the same manner, the logarithm 
of a number between 10 and 100, is between 1 and 2; 
of a number between 100 and 1000, is between 2 
and 3 ; &e. 

These logarithms are also real quantities, to which 
approximation, sufficiently accurate for all practical 
purposes, may be made. 

Thus, if 0? be the logarithm of 5, thenTo]* = 5; 



2 . 

let ^ be substituted for a?, and 10^ is found to be less 

2 
than 5, therefore - is less than the logarithm of 5 ; 

o 

3 

but 10^ is greater than 5, or ^ is greater than the 

logarithm of ö ; thus it appears that there is a value 

2 3 

of ^ between - and -, such that 10|^ = 5 ; the value 

3 4 

set down in the tables is .69897, and i^'^^^^^ = 5, 
nearly. 

(385.) Cor. 2. If quantities be in geometrical pro- 
gression, a"^, a*^, a^% &c. their logarithms, x, 2x^ 3x, &c. 
are in arithmetical progression. 

The method of finding the logarithms of the natural 
numbers, or forming a table, is explained in the 
Doctrine of Fluxions. 

(386.) The sunt of the logarithms qftwo numbers 
is the logarithm of their product ; and the difference 
of the logarithms is the logarithm qf their quotient, 

Let 
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Let j?=Iog. of Cf and y = log. of d; then a^ssc 
and 03^ = ^; hence, a''^y = dc, and a*"S^ = ^; orx+y is 

the log. of dCf and x-y the log. of ^ 

Ex. 1. Log.of 3x7=log. of 3+log. of 7. 

Ex. 2. Log. of pgrr = !og. of pq +log. of r =log, of 
p+log. of 5^ + log. of r. 

5 
Ex, 3. Log. of - Ä log. of 5 — log. of 7. 

(387.) Ifthe log. of a numher he multiplied hy n, 
the prgduct is the hg. of that numher raised t'o the 
n^ power. 

Let d be the number whose log. is j?, or a^ = rf; 
then a'^ssrf"; that is, nx is the log. of rf". 

Exs. Log. of 13l^ = öxlog. 13. Log. ä» = 2X 
log. b. 

(388.) Ifthe log. qfa numher he divided 4y n, the 
quotient is the log. of the n^^ root of that number. 

* ^ X ^ ' 

Let a^ = rf, then a'* = rf", or - is the log. of d^. 

n ^ 

Ex. Log. of ^* = 7 X log. of 5. 

(389.) The Utility of a table of logarithms in arith- 
metical calculations will from hence be manifest ; the 
multiplication and division of numbers being per- 
formed by the addition and subtraction öf these arti- 
ficial representatives ; and the involution or evolution 
of numbers, by multiplying or dividing their loga- 
rithms by the inditeä of the powers or roots required. 

Ex. 
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Eac. Let the value <rf »yjl/Tx^/The required. 
Log. of 7 s ^45098 



Mog.of 2 =.150615 

~l<^.of 3 = .1590404 

3 



5)1.1546534 sum 



.2309306 = log. of 1.701 88 &c. the 
value required. 



ON INTEREST AND ANNÜITIES. 

(390.) Interest is the consideration paid for the use 
or forbearance of the payment of money. The rate 
df interest is the consideration paid for the use of a 
certain sum for a ceitain time, as of ,£1. for one year. 

When tbe interest of the principal alone, or sum 
lent^ is taken^ it is called simpie interest ; but if the 
interest^ as soon as it becomes due^ be considered as 
principal, and interest be charged upon the whole, it 
is called Compound interest. 

The amount is the whote sum due at the end of any 
time, interest and principal together. 

Discount is the abatement made for the payment of 
money before it becomes due. 

(391.) Tojini the amount of a given sum, in ang 
time, at simple interest. 

Let P be the principal, 

r, the interest rf one pound for one year, 

n, the 



> t 
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n^ tlie time for which the interest is to be 
ealciilttted^ 

M^ the amount. 

Then sinoe the interest of a given sum, at a given 
rate^ miist be proportional to the time^ 1 (year) : n 
(yeafB) :: r:nr the interest of<£l. for nyean; and the 
interest of P£y must be P.times as great, or nrP\ 
tb ewfi j ro the amount M^P^nrP. 

(393.) In this simple equation^ any three of the 
quantities P, n^ r, M being given» the fourth may be 

M 

fimnd; thus, Pä . 

Eit. Whatsum must bepaid down toreceive<£6öO. 
4 the end of nine months, allowing 5 per cent dis- 
oMnt ? Or, which is the same thing, what principal 
P will in nine months be equivalent, or amount to 
£600.^ allowing 5 per cent. interest? 

3 6 

In this case, il/=6oo, «=- = .75, r=— -=.05; 

bence, P=h:p^=. ^^^^ =578.313 &c. £. 

1+wr I+.7ÖX.05 

(393.) Toßnd the amxmnt of an annuity ^ or pension 
lefi unpaid any number of yearsy allowing simple 
interest upon each sum or perUionfrom the time it 
becomes due. 

Let A be the annuity ; then at the end of the first 
yeoTf A becomes due, and at the end of the second 
year, the interest of the first annuity is vA (Art 391) ; 
at the end of this year, the principal becomes 3 A^ 
therefore the interest du6 at the end of the third year is 

%tAi 



^^, 
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2rA'; in the same manner^ the interest due at the end 
of the fourth year is 3rA; &c. hence, the whole interest 



n-1 



is rA+2rA+3rA + w- l.r^=n> ■ rA 

• » 2 

(Art. 212); and the sutn of the annuities is nA; 

w— 1 
therefore the whole amount MssnA-^n. — - — rA. 



(394.) Required thepresent valve ofan anmiUy to 
continue a certain number öf years^ allomng simple 
interest for the money. 

Let P be the present value ; then if P, and the an- 
nuity, at the same rate of interest, amount to the 
same sum^ they are upon the whole of equal value. 
The amount ofP, in n years, is P 4- nrP (Art. 391) ; 
and the amount of the annuity in the same timc is nA 

+ n. rA ; thereforeP -»- nrP = nA + «. r^^.and 

2 2 ^ 

nA+n. rA 



■•-• 



1 +nr 



(395.) In this equation any three of the four 
quantities P, A^ n^ r being given, the other may be 
found. 

n A 
(396.) Cor. Let n be infinite^ then P= — an in- 

finite quantity; therefore for a finite annuity to qpn- 
tinue for ever, an infinite sum ought, aecording to 
this calculation, to be paid; a conclusion which 
shews the necessity of estimating the value of an 
annuity upon different principles. 

(397.) To 
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(397-) Toßnd the amount ofa given sum at com- 
wund interest. 

Let Ä==«£l. together with it's interest fo'r a year; 
hen at the end of the firsi year, R becomes the 
srincipal^ or sum due ; therefore 

\ i R \\ R \ jR% the amount in two years ; 

\ \ R v. B? i R^y the amount in three- years; &c. 
in the same manner, /{'* is the amount in n years ; 
and if P be the principal^ the amount must be P times 
asgreat, or PR^^zM. 

M 

(398.) Cor. 1. From this equation we have P = ^. 

Ex. What sum must be paid down to receive <£600. 
it the end of three years, allowing 5 per cent. per ann. 
Compound interest ; 

In this case, jR=1.0ö, n = 3, il/=600; and con- 

, ^ M 600 ■ ^ ^ n 
sequently P= «- = ==r-3 = ölB.302dß. 

^ ^ R" 1.05] 

(399.) Cor. 2. If PyR and Mbe given to find w, we 
have log. P + wx log. il=log. 'M; and w = 
log.3f-log. P 
log. Ä 

(400.) To find the amount of an annuity in any 
mmher qfyears^ at Compound interest. 

Let A be the annuity, or sum due at the end of the 
first year ; then \ i R:\ Ai RAy it's amount at the 
end of the secpnd yeiar ; therefore A + RA is the sum 
due at the end of the second year ; in the same man- 
ner, 1 : Jt :: 1 + Ä x A : R + Rx.A, the amount of 

the 
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r 

the two payments at the end of the third year ; and 

l+R + ICx A is the whole sum due at the end of the 

third year ; in the same manner, 1 + Ä + ^. . . + BP"^ 
xA\% the sum due at the end of n years^ that \%, 

^l=i.x^ = M (Art222). 

. -i ■ . ^ 

(401.) CoÄ. In this equation, any thrce of the 
quantities being given^ the foarth may be found. 

(403.) Tofind the present vtdue of an annuity to 
be paidjbr n years^ allowing Compound interesf. 

Let P be the present value, A the annuity ; then 

since PÄ* is the atnount of -P ih n years, and -^ 

X Ay the amount of A in the same time ; by th# 

question, PR^si "" . x A^ and P«-5 — r* ^ ^* 

/C— 1 jK— 1 • 

(403.) Cor. 1. Any three of the quantities P, A, R, 
W being given, the foitrth may be found. 

(404.) Cor. 2. If the number of years be infinite, 

1 . A 

Ä" is infinite, and ^r vanishes; therefore P= -s — -. 

Ex. If the annnal rent of a freehold estate hejßl^ 
what is it's value, allowing 5 per cent Compound 
interest ? 

In this cade, ^s= 1, A*^ l^xi5; therefore the pre- 
sent yalue P^'-^^Jß^^ß or 20 years purchase. 

•MD 

(405.) Cor. 
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(406.) Cor. 3. The present value of an annuity^ 
to commence at the expiration ofp years, and to con- 
tinue q years, is the difTerence between it's present 
value fo^p+q years, and it*s present value for p 
years. 

Ex. What is the present value of an annuity of jß 1 ., 
for 14 years, to commence at the expiration of 7 years, 
allowing 5 per cent. Compound interest ? 

The present value for 21 years = ' "" 



.1.06l*^x.05 

12.82<£.; and the present value for 7 years s& 

^ 17 

— - — ^-— — = 5.79^.; hence, the value of the an- 



1 .Obf X .05 

nuity for 14 years after the expiration of 7, is 7.03<£.; 
nearly. - • 



SCHOLIUM. 

(406.) The method of determining the present value 
of an annuity at simple interest, given in Art. 394, has 
been decried by several eminent Arithmeticians, and 
in it's stead, a Solution of the questiop has been pro- 
posed upon the following principle; *' If the present 
value of each payment be determined separately, the 
sum of these values must be the value of the whole 
annuity." 

Let X be the value or price paid down for the an« 
nuity^ a the yearly payraent, n the nnmber of years 
for which it is to be paid, r the interest of ^1. for one 

yean The present value of the first payment is •- 

P (Art. 
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(Art» 393)9 the present value of the second payment, 

or of a£.tohe paid at the end of two years, is -^ -, 

and so on ; therefore x = 



• • • • 



1+^ l+2r l+«r 

> 

(407.) TTiese different conclusions arise from a cir- 
cumstan^e which the Opponents seem not- to have 
attended to, Aöcording tö the former Solution^ no 
part of the interest of the price paid down is em- 
ployed in papng the annuity, tift the principal ii 
exhausted. 

Let the annnity be always paid out of the prin- 
cipal X as long as it lasts, and afterwards out of the 
interest which has accrued; then a:, x — a, X'r2a, 
a?-3a, &c. ^re the sums in hand, during the first, 
second^ third, fourth, &c. years, the interest arising 
from which, ra7,ra?-ra,ra?- 2ra, rj?— 3ra, &c. that 



is, the whole interest, \snrx- 1 + 2 + 3. ...n- 1 x ra, 

w "~ 1 

or, nrx - n. ra, which, together with the principal 

X, is equal to the sum of all the annuities; therefore 

na + n. ra 

w— 1 , 2 



1 +nna?— w. — -— ra = na, and j? = 

2 l+nr 

(Art. 394)- 

According to the other calculation, part of the in- 
terest, as it arises, is employed in paying the annuity^ 
but not the whole. Thus, the first payment is made 
by a part of the principal, and the interest ofthat part^^ 
which together amount to the annuity ; and the other 
payments are made in the same maiiner ; this is, in 

eflfect, 
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eßect, mllowing interest upon that part of the whole 
nterest which is incorporated with Üie prindpal« 
AooDrding to either calculation, the seller has the 
advantage, since the whole, or a part of the interest 
will remain at his disposal tili the last annuity is paid 
off. 

If the whole interest, as it arises, be incorporated 

with the principal^ and employed in paying the an- 

nuity^^ Compound interest is^ in efiect^ allowed upon 

the whole. Let x be the {»rice paid for the annuity, n 

the number of years for which it is granted^ ähd R^\£* 

together with it*s interest for one year. Then x in 

one year amounts to Rxy out of which the annuity 

being paid^ Rx-^a is the sum in band at the end o£ 

the first year; R^x- Ra is the amount of this sum at 

the end of the second year, therefore il*a?— Äa - a ia 

the sum in band at the end of the second year; in the 

same manner, Ä"j?— Ä'*"'a— Ä'*"**«.^^. — a is tbesum 

left, after paying the last annuity, wliich ought to be 

nothing; therefore i?''a? = Ä'*-'a + Ä'*"^a +a = 

Ra^a , RTa-^a . 

-75 , andj?=-- — „ (Art- 402). 



ON THE SUMMATION OF SERIES.^ 

(408.) We have before seen the method of deter- 
mihing the sums of quantities in arithmetical and 
geometrical progression, but when the ttrms increa^e 
or decrease according to other laws, different artifices 
must be used to obtain general expressions for their 

sums« 

p 2 The 
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The methods chiefly adopted^ and which may be 
considered an belonging to Algebra^ are^ 1 . The method 
of subtraction. 2. The summation of Kcurring series, 
by the scale of relation. 3. The Differential method« 
4. The method of Increments. 

'(409.) The investlgation of series whose sums are 
known hy subtraction. 

Ex. 1. 

Let i + i + J + i +&C. in inf.rxÄ 
2 3 4 

then r+:: + - + r + &c. in inf. = Ä — 1 
2 3 4 5 



by subtraction, -— + — - -f- -— + &c, in inf. = 1 . 
^ 1.2 2.3 3.4 ^ 

Ex. 2. 

Let l-^ + !^-- + &c. ininf. = ^ 

2 3 4 

1111 . . ' 

then — + r-"': + r — &c. in inf. = Ä — 1 
2 3 4 5 



by subtraction. -L- J_ + X- A+&e. in inf. = l. 

Ex. 3. 

Let l + i + ^ + ^ + &c. ininf. = Ä 

^ o 4 

theni+i+i+J+&c. ininf. = Ä^- 

3 4 5 D 2 

by subt. r-r+:r-r"^':rT+-7^ + &c- '^^ inf. = - 

^ 1.3 2.4 3.5 4.6 2 



or — -+-— -4-—7 + -7:. + &c. in inf. = -. 
1.3 2.4 3.6 4.6 4 



In 
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In thc same manner^ ^^"■o'^q""i + ^^* ^^ ^^^* 

=iS, we obtain r^"" r^+"7X'" ^^* ^^ ^'^^' " "• 

Ex. 4. 

Let -^ + -i- +— + &c. in inf. = S 

1.2 3.3 3.4 

then -L+-L + — + &C. in inf. = Ä- i 

2.3 3.4* 4.6 2 

by subt. ' h + h&c. in inf.= - 

^ 1.2-3 2.3.4 3.4.5 2 

and H — - — H h &c. in inf. = •-• 

1.2.3 2.3.4 3.4.5 4 

£iX. 5. • 

Letl + — ^4-— V-+--- . ^ "^— — = '^ 
m m+r ?/i+2r m + n— l.r m + «r 

then — — -i rTT-^ — r:r-+"'' — ; = '^ 

m+r m + 2r m + 3r m+nr m 

7* y 1 

)ysubt. — H- I =+&c. (to wterms) +. 



m.m + r m+r.m-]r2r m+nr m 

hence, — . + — =-f&c. (to n terms) = -« — 



m.m+r m+r.m + 2r m m+nr 

lad — j — =^+8cc. (to n terms) = — — 



m.m+r^' m'\-r.m + 2r' ' '^ ' ^^ mr+nr^ 

. . 1 

If » be increased without limit, ■ r vanishes^ 

tnr+nr^ 

and the sum of the series is — • 

^ mr 

l{ w=r=ti, wehave— ;+—-+— +&c.'(to n 

1.2 ^tö Ö.4 

"'^ l+n l+n 

I In 



S30 SUBliCATiaii OF 88BIE8 

In the same manner, 

ir— — — ; — -r — rrr-M.. + , — ±' = «> 

m m + r m+2f m + w— l.r m'\'nr 

s=r+&c. to n terms=— +^ 



m.m+r m+r.m+2r m m+nr 

Ex. 6. 

Let — + i ■ +&C. ininf. = 5 

m,»i +r m + r.m+2r 

then — \ =>+ + &c. = Ä- 



m+r,wi+3r m+2r.m+3r m.m-^r 

2r 2v 1 

by subt. , — + — ^ ■■ . - * + &c. == 



1 l ,o 1 

Or ■ = + I + OIC. = -r- ona. 

ni,m-t-r.m-t-2r m+r.m + 2r.m+3r 2rm.m+r 

The sum.of w terms of the series, determined as in 

1 1 

the last example, is === - — — ' — - ■ -. 

2 rm.m+ r 2 r.m+nr.m + w -i- 1 .r 

Let m=r=l ; then -j±- + ^^ + ^ + &c. 
in infinitum = - ; and - — - + -r-r-r + &c. to n terms, 

4 1.2.3 2.a*4 

1 1 



4 2.n+ 1-^4-2 

Ex. 7. 

(410.) To find the sum of the series - — 7t+ — 7&r:+ 
^ ' 2.4.0 4.6.8 

4- &c. in infinitum. 



6.8.10 

Whm the sum of a series of tfds kind is required, 
tahe awdy the last factor out of euch denominator, 
and assume the resulting series equal to S ; and then 
proceed as in the former examples. 

Let 



BY SUBTftACnOH. j^l 

Let T-: + T^+2r:+&c. in int^S 
2.4 4.6 6.8 

Ex. 8. 
(411.) To find the sum of the series — + 



m m.m+a 



+ &c. in infimitum, when n is less 



than m. ' 



JLet 1+ — H r 4-— 1. =-|-&aininf. sTAy 

m m.m+a m.m+a.m+2a 

n , n.n+a n.n+a.n+2a^ , ^ ^ , 

w m.m+a m.m + a.^ + 2a 

bysubt. 1 — : H — +&C. = 1 

w nun-^-a m.m+a.m+2a 

, 1 « fiM+a g 1 

m m.m + a m.m + a.m+2a m—n 

Ifw±=2, a = l; then, — H + 



^=3. 



+ &c.== 



m m.m+l. m.m+l.m + 2 
1 



m— 2 

Ex. 9; 



To findl the sum of the series ^^ m + 

^^ m.^+r.i»+2r 





fl+2Ä a + 3i 



m+r.m+2r.m+3r m + 2r.m-\'3r.m + 4r 
infinituoi. 



+ &e/m * 




Sit 
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4 5 

Let a=3, 6 = m=:rÄij then — --r-l — r-^ + 
^ 1.2^ 2,3.4 

6 , ß . . ^ 3 + 2 5^ 
+&C. in inf.= 



3.4.5 1.2.2 4 



1 2 

LetasO^ i=sl, m=:l, r=:2; then + 



.. 1.3.5 3.5.7 



+ ft|:9"'^''"'"^-=i- 



See Philosophical TransactionSy Vol. Ixxii. page 
389. 

(412.) Similar to the method of subtraction is 
the following, given by De Moivre, Miscel. Anal. 
p. 130. 

Assume a series^ whose terms corwerge to 0, involv^ 
ing the ppwers of an indeterminate quantity x ; call 
the sum of the series S, and multiply hoth sides of 
the equation by a bimmäaly trinomiaf, 8^c. whlch in- 
volves the powers ofx and invariable coefficients; then 
ifxbe so assumed that tlie binomial^ trinomial, 8^c. 
may vanish^ and some qftheßrst terms be transposed, 
the sum of the remmning series is equal to the terms 
so transposed. 



Ex. 1. 



Let 1+J + T+T + *^^' ^^ inf- = '*- 

j2 o 4 



^\x\iu 
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Multiplying both sides hy x-^l, we have 

2 3 4 6 } 

or— I +—+—+— + &c,s=a?--l,S'f and if J?=rl, 



' 1.2 2.3 3.4 ^ 1.2 2.3 

X-T+&C- in inf.= l. 



£x. 2. 



Assume 1 + -+— +t- + &c. in inf.sAS', and mul- 

2 3 4 

tiply both sides by o:* — 1 ; then 

2 3 



X 0^ 0? txf' ^ ^ 

-l---— &c. 

2 3 4 5 



X ^x^ 2x^ . 2x* 



Let «»- 1 =0, then x=l, or - 1 ; if a;= 1, then 



*"^0+2!i+3!5'*'^-^"^"^-=!- 



If 
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If « =— l, thea 

- 1 + - + 1 + &c, in inf. = 0, 

^2 1.3 2.4 3.6 

and - — — + r-^— &c. in inf. = - . 

1.3 2.4 3.5 4 

Ex. 3. 

Let 1 + 5"*'"o +T +&C, in inf. ^ S^, and multipljr 

both sides by 2«- 1 ; tben 

3x 4x* &ai^ ■ ^ , 

= 0, or a?= - , and 

2 

(413.) Ifboth sides of the equation be multiplied 

by a binomial^ each term of the series obtained will 

have two factors in it*s denominator; if by a tri- 

nomiaL each term will have tbree factors in ifs 

f ^ 

denominatop ^ &c. 

Ex. 4. 

Let 1+-+— + — -f &c, in inf. = S. 

multiply both sides by 2a?— 1.«— 1, or 2 j?* - 3 jr+ 1 ; 
then^ 

2x^ . 2a?* 
2a:^+_+~+&c. 

^3x — ^ g ^ — &c.^= 2a?*-3a^+ LaS 

X Ä* «* jr* " 
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3 1.3.3 2.3.4 3.4.5^^ 
Ifx=l, then 1- - + r-T^ + :rT-: +&c.=0, and 

' 2 1.2.3 2.3.4 

+ rrr^ + jtV: +&C. in inf.= - . lra?= - 



1.2.3 2.3.4 ' 3.4.5 2 2 

thenl-- + -ii — + — -—5+ ?— i+&c.«0, 

^ 4^ 1.2.3.2» 2.3.4.2» ^ 3.4.5.2^^ ' 

6 6 7 Ä • • i» ^ 

or ^ H — T r + r— ^^ — i + &c. m mf. = - . 

1.2.3.2* ^ 2.3.4.2^ 3.4.6.2* 4 



Ex. 5. 



I>t 1 + — r-T — h&c. in inf. = 5; 

m m^-r m + 2r 

multiply both sides by the binomial aj?— 6; then 

ax ax* , ax^ , - > 

m m-\-r m + 2r f 

6 hx bx^ " ÄJ?^ o i 

m m + r m + 2r m+3r J 



=:aX'-b.S^ 



or 1 = — xX'\ — ' xx* + 

m m.m+r m+r.m+2r 

Let aj? - i==: O, and transpose ; then 

m 



m+r.a-mb ^ m + 2r.a'^m+r.b , ^ . . ^ 

■ — XX-i ■ — == — X x^ + occ. in inf. 

m.m + r m+r.m + 2r 

h 
= — . If the terms of this series can be made to coin- 
m 

cide with the terms of a proposed series, the sum of the 

latter 



*= ■ ■ • 
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latter may be found. Thus, let the sum of the infinite 

3 1,3 1.4 1.- , ., 

"*"** U ^ 3+3:5 "" 3*'^47 "" 35+^*^- ^ '*^""^- 

In this case, a?= - , therefore - — i=0, or a=3& ; 

3 3 



also, wi = 1, r=2, and m+r.a- Uli = 2, that is, 3a- b» 

1 ' 3 

or 9Ä — 6=2; hence, 6=- , a = - ; and ifthese values 

4 4 

be substituted in tlie succeeding terms, the general 
series coincides with the proposed one, whose sum is 

therefore — , or - . 
m 4 

To find the sum of li terms of the series, 
letl+-^+-f—4....._4===- + --5— =*♦$ 

and proceeding as before, 

ax , ax^ , dx^ , a^"+^^ 

— r — r^+-»« — . — r I 

m m+r w + n— l.r m + nr{ 

_ b hx bx* bsT \ 

m wi+r w + 2r ^'^'m+nr ^ 

\ ■ . ' 

6 , w + r.fl— »i6 w+2r.a — m + r.6 « , 

or, + — X J?+ — — xar*+ 

^ »i,m + ^ . WH-r.m + 2r 



= aar - ^.Äi 



. = aa? — o.o ; therefore, — x a? + 

w+nr ^ m.m+r 



m + 2r.a— m + r.6 



X a?* + &c. (to n terms) = aic — i.S 



w + r.m + 2r 

971 



* This assumptioa retiders' the restriction in De Moirre'« ruie, 
f especting the convergency of th« series, unnecessary. 






33,4 swauamH) «r buues, See. 

M fn + Ur ö 4k 4 

. • u 2 1,3 1 4 1 

tne senes becoiBes — x - + — x -r, + — x — i 
a^ii^i. uc^%/mc9 1.3 3 3.5 3^ 5.7 33 

1^ 

+ &c. the sum of which. to n terms^ is - - 

4 



1 



•-* 



4.1 + 2n.3" 



Ex. 6; 



To«ndth..«mof^xJ+^x2+J^ 

1 . 62 1 , , . . » 

'^T6 + 4i::B'*r2+*^"-^"*°^- 

Because the factors in the denominators increase 
by 1, and begin from 1, assume 1 +- + r- + "- + 

12 3 4 

— ' + &c. = S, and muHiply both sides by aar* — Ja» + c ; 
5 

then, 

bx* hx^ hx^ 



c~26 . 6a— 3Ä+2C 4 . 12a--8Ä + 6c . 
or,c+..-^xx+ ^^3 x.^+ ^^^ x^ 

+ ^<y A i. " ^ i^+Äc. in inf. = aj?* - ijj+c.«?; 

3.4.Ö 

and 
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and since ao?' - £:r+c=0^ and one value of x is 

1 1 . • 

- , because the poWers of ^ are involved in the terms 

of the proposed series, we have - — -+c=0; also, 6a 

— 36+2c=19, and 12a-86 + 6c=28 ; from which 
three equationsit appears that a.=6, is7^ csS ; and 
if these values be substituted in the general series, we 
k « o . 19 1 . 28 1 39 1 . 

^.^J- + &c.=o,or,-i»-xi + ^xi+^a- 
4.5.6 32 ' ' 1.2.3 4 2.3.4 8 3.4.5 

lo 

The sum of n terms of this series, determined as in 

4+n 



the last example, is 1 — 



n+l.w + 2,2''+' 



ON BECÜRRING SERIES. 

(414.) If each succeeding term of a decreasing series 
bear an invariable relation. to a certain number of 
the preceding terms, the , sum of the series may be 
found. . r s 

r 

Let a + bx + cx^+Sic. bethe proposed series; call 
it's terms J, B, C, D, &c. and Jet C^fxB+gx^J, 
D=zfxC+gX!^By &c. wherey+g* is denominated the 
Scale of relation ; then, by the suppositioo, 



■">w 
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C^fxB+gx'A 
D=:fxC^ga^B 

&c. &c. 

and if the whole sum A+B -^C+D-{- &c. in inf. = «S, 

we have, 

S=J+B+fxxS'-A+gx^xS, or 

S -- fxS^gx^S=A + B ^fxJ ; therefore, S= 

A + B^fxA 

In the same manner, if the scale of relation be 
f-^'g + &c. to n factors, the sum of the series is 

^+g+C...(n) '-fxxA+B....{n'- l) - gx^xA'+ ...{n- 2)&c 

1 — yir -^^0?* - Äx3....(w+ 1) 

Ex. 1. 

To find the sum of the infinite series 1 -f 3 j? + 9^* 

1 

+ &c. when x is less than - . 

3 

Here f= 3, and the sum = . 

^ 1-3J7 

Ex. 2. 

To find the sum of the infinite series 1 +2x + 3j?* 

+ 4x^ + &c. when x is less than 1 • 

TT /• -I .1 1 +20?— 2ir 
Herc, 7 = 2, 2"= - 1,. and the sum=: r 

1 



Ifx be equ'al to, or greater than 1, the series is infi- 
nite ; yet we know thatit arises from the division of 1 

by 1 -x|^ and the sum of « terms may be determined. 

The 
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Th e series after the n firat terms beoomes » + 1 ^ + 

n + 2.x»+' + n+3.a*+»+&c. in which thescale of rela- 
tion, as before, is 2—1;,; and therefbre the series arise» 

> ; therefore 1 +2a?-f 3a?* + &c. to n 

terms = ,^ . 

If the sign of ^ be changed^ 1 - 2x+3a?*— &c. to 

n terms =-—^ — .^ , wnere the upper or 

Iower sign is to be used^ according as n is an even or 
oddnumber. 

Ex. 3. 
To find the sum of n terms of the series 1 +3a?+ 

Supposey+g" to be the scale of relation ; then,3y^^ 
= 5, and 5/+ 3g = 7 ; heQCQ,f=^ 2, andg = — 1 j and, 
by trial, it appears that the scale of relation is pro- 

1 j* • j u Q 1+3j?— 21? 1+0? 

perly determined ; nenoe, o = r = 7 si> 

^ ^ 1-2X + J?* 1— .i) 

After w terms, the series beoomes 2w-|-i.a?'*-i- 

2n-\'3.3(f^^ 4- 2 n + 6^+'^ + &c. which arises from the 

^ . 2n+l.a?»+2i*+3.«~+*- 2.2« + 1^+1 
iraction , - ^-^ — ; — i ; or, 

. — ^- ; hence, \+3x-\r^3(? + *Ja^ + 

1— xl 



p ^ ^ 1+0?— 2w+l,a?" + 2n— l.a?^+* 
«c. to n terms, = > ^, . 

1— x[ 
d Ex. 4. 
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in inf. when the series convei]^« 

In this case the scale of relatiitti-i» 1 +1, and conse- 

, quently, the sum is _— — ^^ x^x-^x^ ' 

If X become negative, l-2.r + 3j?^- öar^ + &c. in 
inf.=:_Ll^. 

1 +X — X* f "! 

Ex. 5*- ■ ^v. 

To find the sum of n teri^ji^, of the feries w — 1 . a? 



In the series w— l.a?+w— lrä?* + w-3.^^+&c. the 
Scale of relation is 2 - 1 ; therefore it's sum in inf, is 

-, or — . Alter 

1— 0^1 1— ^i 

n terms, the series becomes — a?'* + ^ - 2^* ^^— &c. the sum 

— x^ ■*" ^ 

of which is found, in the same manner, to be ====-: 

■ • • •• i* 

:r> 1-^1 

therefore n-Lx-^-n- 2^ ^r?^:ü^ + &c. to n terms, 

- fc 

^n^X^x-nx^-^x"^^^ <^^ .," 

TT w-i.x w-2.a?*'^V 

Hence, + -i. ^c. to n terms. = 



Ex. 6. 

To find the sum of w terms of the series P+2^a:+ 

3V + 4V+&C. 

Let 
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« 



Let the scale of i^lUJM he f+g + h ; then^ 

From these equ9|(ions we obtain ^=3, gss -3, 
&=1, which values, ^|ien substituted^ produce the 
successive terms of the proposed series ; therefore aS=s 

lV4a;4-9^-.^3.r-.lj.:-+3a^- ^l_±^ ^^e svim of 

' l-3a: + 3a?*-r|^ 1^^ 

the series in inf. wh^i^i^is less tban 1. 
After the firstjlil^is, the series beconies n+Tj* x oif+ 
n+ 2f X aTmEfn + 3)' Ä** + &c. which arises from 

the fiaction "^' >* m^ " ^" '' "^ l'-'3^ 1 
3.« >f itV^" - 3.n 4- 2r^' + 3.n + ll V-^* 



^ , ■' ^, ; and conse- 

1 —xr 

quently the sum of n terms of the series is 



l+T~ w+T['af4-2w*+3n- 1 X x^'^^-^n'x 



,n+% 



On this subject the Reader may consult De 
Moivre's Misc.\änali/t%. 72. And Euler's Analys. 
Infinit. C. XIII. ^ 

ON THE DIFFERENTIAL METHOD. 

(415.) In any series of quantities a, ft, c, rf, e,^ 
&c. if each term be taken from that which follows 
it, and the differences of these difjerences be taken, 
and so on, the following ranks of differences will be 
obtained ; 

a2 l^'Diff. 
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1*^ DifF. J - fl, c— Ä, rf- Q i^-^d^f-^e, &c. 
2* Diff. c-!;^b + a,d^2c + ble^ 2d+c,f- 2€+d, &c, 
3** DifF. rf-ac + 36-a,e-34+3c-6,/-3e+3d— c, 

[&c, 
4^ Diff. e-^ 4rf-f 6c- 46+a,/-4i? + 6rf-4c+ 6, &c. 
* 5*** Diff./- 5 e + lorf- 10c + * b-üy &c. 
&c. &c. 

Hence it appears^ that the coefficients of the quan- 
tities a, 6, c, rf, &c. in the first term of the n^ diflfer- 
ences, are the coefficients of/t th$ terms of a binomial 
raised to the w"' power, and that thifeb >igns are alter- 
nately positive and negative^ that is, the first term of 

the n*** difierences is a^nb+n.^ c—n.— — .— -— 

4**2 2 3 

a+&c. or, — a+w6-n. c + n. . a — &c. 

' 2.23 

according as 7i is an even or ah odd number. 



th 



Cor. If the n^^ differences vanish, the n+ l'* term of 
the original series is + a - nb + n, c -^ &c. to n 



terms; and the n + 2' term is + 6— wc+ n. d^&c* 

"" 2 

that is, the series recurs, and the scale of relation is 

n - n,-—- — l-w. . — ; &c. continued to n terms, 

2 2 3 

(4l6.) Let^f', d'\ d''\ d^\ &c. represent the first 

terms in the first^ second, third, fourth, &c. Orders of 

differences; then, 

d' =b-^a 

' d" =c — 2i + a 

d'^'^zd-Sc+Sb-^a 

rf'^ =:e-4d+6c-4b + a 

&c. 
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and \j tnmsposition, 

e«4rf-6c+4i-a+rf''^=a-l-4rf'+6rf" + 4£f"+<r 

fix>m which it is manifest, that the coefiicients of a^ cT^ 

<r% d'"y &c. in the expression for the w+T** terra of 
&e series a^ b, c, d^ &c. are the coefiicients of the 
terms of a binomial raiied to the n^ power ; that is, 



th ^ o ^1 • • . 71 . ^"^ ^ 



the n+ 1 terra of the serics is a+wff 4-«. rf" 

2 



(417.) Cor. 1. The »**■ terra of the series is a+w - 1 .rf' 



n— 3^. — — w-2 w — 3 



+«-a.--;r-^' + »-l.---T— •— — rf'" + &c. 

Ex. 

Required tre n* terra of the series 1,3, 5, &c. 

1» 3,^, 7 

o, o 

Here, fl«!, if = 3, rf^aeO; therefore the rC^ terra 
is 1 + /1- 1.2 = 2»- 1. 

(418.) Cor. 2. If the differences at length vanish, 
the ri^ terin of the series will be exactly deterrained ; 
but if the differences do not vanish, we can only ap- 
proxiraate to it ; and the less the differences become, 
when corapared with the former «Hflerences, and with 
», the nearer will the approxiraation be to the true 
value of that terra. 

(419.) Let 
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(419.) Lettheproposedseriesbeo^a^a + i, a4:i4-<:^ 
a + b + c+d, &c. then, 

1*' Diff- fl, b, c, rf, &c. 
2^ DifF. i— ö, c — ft, rf-c, &c. 
3* DifF. c— 2Ä + «, rf-2c+*, &c. 
4^^ Di£F.rf-3c+36-a, &c. 
&c. 
%. Leti-a==rfSc--26+fl==if%rf-3c + 3J- 

&c. then ihew+l terra of the series, that is, ai- 

J+c + cf+&c. to n terms, is na+n.— — d' +n. . 

^^rf"+&c. (Art 416). 

ijT therefore a, b, c, d, Äfc. be the terms ofany 

serieSf whoseßrst^ second^ third, 8^c. differences are 

T*epresented by d', d", d'", Sgc. the sum qfn terms qf 

this series is 

n-lj, n-1 n-2j--,o 

na + n. d' + n. .-— — d"+&c, 

2 2 3 

Ex. 1. 

Required the sum of the series 1+3 + 5+7 + &c* 
continued to n terms. 

1, 3, 5, 7 
2, 2, 2 
0, 
In this case, «=1, cf' = 2, d" =0 ; hence, the sum 
is n+n,n^ 1 =w*, 

Ex. 2. 
Required the sum of the series l* + 2*+3*+4* + 
&c. continued to n terms. 

1, 4, 9/ 16 
3, 5, 7 
2, 2 
O 
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Here, ääI, ^'«3, ii" = 2, ii'"=0; therefore the 

2 '23 1.2.3 



w.w-f 1.2n+ 1 
1.2.3 



Ex. 3. 

To find the sum of the series l^ + 2^ + 3*+&c. to 
fi terms. 

1, 8, 27, 64, 125 
7, 19, 37, 61 

12, 18, 24 
6, 6 


Here, a= 1, d* = 7, rf" = 12, rf'" =6, rf'" = o ; theie- 

forethe sum = n+«. — r— x7+w. . X 12 + 

2 ' 2 3 



n-ln-3n— 3 ^ n'* + 2w3+w' «+1 



2 • 3 • 4 " 4 • 2 

Sometimes the sum may be more readily obtained 
by beginning the series with one or more cyphers ; 
thus, to find the sum of n terms of the series 1^ + 2^ 
+3® + &c. take n + \ terms of the series 0+ l' + 2' + 
3« + &c. 

0, 1, 8, 27, 64 

1, 7, 19, 37 

6, 12, 18 

6, 6 
o 

4 

Here, a=0, rf' = l, rf"=6, rf'" = 6; and the sum 

of 
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n , n + l.n.n — 1 



of n+1 terms is n+ 1 .- + ' — tt x 6 + 

2 12.3 



n+l.w.n— l.n-2 ^ w+l.n.2 4-« + l.n.n- 1.4 + 

; xo = : 

1.2.3.4 4 



n+Ln.n— l.w- 2 n + l.n.2 4-4w— 4+»*-3» + 2 



4 "^ 2 I * 



The dif!erential method may also be applied to the 
Interpolation of series, and the quadrature of curves. 
See Emerson's Tract on this subject. 



ON THE METHOD OF INCREMENTS. 

(420.) Any variable quantity is called an integral. 

The magnitude by which it is increased at one step, 
is called the increment Thus, 1+2+3 +w« 

m. f and the magnitude by which it increases at 

2 \ 

one step is m+ 1, which is called the increment of the 

. ^ I m+ 1 
integral m.- -. 

When the quantity decreases, the increment bc- 
comes negative. 

(421.) ^two quantities begin to increase together, 
and their corresponding increments he always in the 
same ratio, their integrals^.or the whole quantities 
generatedy will be in that ratio. 

Let 
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Lei, the corresponding increments be j4y B, C, &c. 
and a, J, c, &c. and let A : a :: B : b :: C : c &c. 
::m:n; then^+JS+C-f &c. :a+6 + c+&c. ::min, 
(Art. 183). 

Cor. When m=in, or the increments are equal^ the 
integrals are also equal. 

(422.) ^ an integral be represented by the pro^ 
duct qf quantities in arithmetical Progression^ as 

ni.m+r.in + 2r.ni+3r. . . .m+.n- l.r, where r is 
constantj and m is increased at every step bjf r, the 

increment qfthis integral w n r x m + r.m + 2 r.m + 3 r 



• • • 



+n- l.T. 



The first value of the integral is ' m.m + r.m + 2 r. 



m+3r. . . .m4.w— l.r, and the succeeding value is 

m+r.m + 2r.w+3r.m+4r. m + nr, the difference 

of these values^ or the increment of the integral^ is 

^^mifttgmamimmKmtm mm^^^^ma^a^^m^^ ^^^^^^^^^^^^^^^^ »^^—w ^— »■ — ^^■^■■^— ^ i^i^ 

nrxm+r.mi-2r.m+3r. . . .m + n-^l.r. 

(4M.) Cor. 1. Since an invariable quantity Chas 
no increment, the increment of w.m + r.m + 2 r.m +3r 
. . . .m+w— l.r± Cis also nrx m + r.m + 2r.m + 3r 



(424.) Cor. 2. Hence, if the increment of an in- 
tegral be represented by nrxm+ r.m + 2 r.m+3 r .... 
»1+ w — 1 .r, the integral is m.m + r.m+2r.m+3r. . . . 

m+w— l.r±C; where the invariable quantity Cmust 
be determined by the nature of the question. 

(425.) Cor. 
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{425.) Cor. 3. Iftheincrementbc-rfxm+r.m>*r. 



m+3r. . . . m + n— l.r, where A is invariable, the 
J 



:- integral is — x m.m + r.m+2r .... m + n— l.r^: C 

S:^. 421.) 

(426.) If ^ be the constant increment, and m the 
number of times it has been taken, the integral is 
mA±C. 

(427-) Toßndy therefore^ the integral of any in- 
crement, iet the inerement he reduced to the prody^cts 
qf aritkmetical progressixmals whose common differ* 
ence is the quantity hy which the variable magnitiule 
is increased ät every step, and the integral of each 
inerement will he found hy multiplying it hy the 
pr^ceding term in the progression, and dividing it hy 
the mimher oftermsy tkus increased^ arid by the comr 
mon difference. 

(428.) The constant quantity which is to be added 
to, or subtracted from this result, in order to obtain 
the correct integral, must be determined by the nature 
of the question ; thus, when x, the integral obtained 
by the rule, is a, suppose the true integral is known 
to be h\ then since x+C is in all cases the integral, 
a + C= 6, or C= h-^a; thcrefore the correct integral 
is x + h — ct. 

Ex. 1. 

To und the sum of the series 1 +2 + 3 + &c* con- 
finued to n terms. 

The n^^ term is n, and the inerement of the sum is 

n + ly whose integral, according to the rule, is — ^ . 

And 



.-'■ .^■. 
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And this is the correct iategral, because when iis= 1, 
the 8um 18 -~= h as it ought to be. 

Ex. 2. 

To find tbe n* term of the series 5, 9, l6, 26, mL-^' 

&C. 

Take the difFerences^ as in Art. 415, 

5, 9, 16, 26, 39, 
4, 7, 10, 13 

It is manifest that the n** term of any order , öf dif- 
ferenees is the incrcment of the n* term of the pre- 
ceding order ; therefore 3 is the increment of the 
n* term <rf the first differences, and 3 » + C is the »* 
term ; when w= 1, 3 + Ca= 4, or C= 1 ; hence the 
n^ term of the first di£Ferences, or the increment of 
the w* term of the original series, is 3n+l ; conse- 

quently the n'^ term required is ■ "" ' — h«+ C; 



th 



let w=l, and 1 +C=5, or C=4; therefore the ti 

. 3.W— l.n , , . 
term is. hn+4. 

Ex. 3. 

To find the sum of the series l* + 3*+3* + &c. 
continued to n terms. 

The increment of this sum is w+Tj* = 7i.n + 1 + nTT, 

j ,, . , , . w - 1 .nn + 1 , n.nTT 
and the mtegrai, or sum, is + = 



;: ; which needs no correction. 

2.3 ' 

Ex. 4. 

To find the sum of the series l*+3*+d*+&c. 
continued to n terms. 
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The increment of the sum 18 2»+ il* =fc 4 n* + 4 w + 1 

•"■"—■» 4»» — 1 w t? I I 

= 4n.»+ 1+1^ whose integral is -^ — H «; 

which needs no correction. 

Ex. 6. 

To find the sum of n terms of the series 1' + 2'+3^ 

+ &C. 

The increment of the sum is n+lp = »*+3n*+3n 
4-1, ^n.n+l.n+2 + n+-li whose integral is 

W-1.W.W+ l.w+2 . w.w-f- 1 n.w+1 fu^ «„^ ^^ 
- + , = • tne sum re- 

4 2 2 ' 

quired ; which needs no correction. 

The following table ofjigurate numbers is formed 
by making the n^ term of each succeeding rank equal 
to the sum of n terms of the preceding. 

1" Order 1, 1, 1, 1, 1, 1 

2* 1, 2, 3, 4, 6, 6 

3* 1, 3, 6, 10, 15, 21 

4* 1, 4, lö, 20, 35, ö6 

5* 1, 5, 15, 35, 70,126 
&c. &c. . 

Ex. 6. 

To find the sum of n terms of the m^ order of 
' figurate numbers. 

The sum of n terms of the 1" order is n ; therefore 
n + 1 is the increment of the sum of n terms of the 2* 

Order, and it's integral, n. , is the n*** term of the 



3*order;consequently ^ is the w + l* term, 

or increment of the sum of n terms, of the 3'* order, 

and 
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and it 8 iDtegral^ — , is the sum of n terms 

of the 3* Order, or the n^ term of the 4**^ ordcr ; &c, 

Thu8 it appears that -— is the sum 

which was to be found ; the Integrals requiring no 
correction. 

• Ex. 7. 

To find the sum ofn terms of the series 1.24-2.3 + 
3.4 + &c. 

The «+ 1* term, or increment of the sum, is n+l. 

11 + 2, and consequently the integral, or sum, is 

ir.n+ 1.W4-2 , . , j 
■ ; wnich needs no correction. 

3 

Ex. 8. 

To find the sum of the n first terms of a seriös whose 
n*^ term is an^ + bn^+cn + d; a, b, c, d, being given 
qüantities. 

Assume j4.n.n + 1 .n + 2 + B.n.n + 1 + C.n + Z) = a.n + 1]' 

+ 6.n+ll* + c.n+l +d; or 

+ Bre+ Bn L^\ + 6n*+26n + 6 
+ Cn r j + cn+c 

) L +d 

and by equating the coefiicients, A=za\ 3A+B=^3a 
+ 6, or3a + S=c3a + 6, that is, B=b\ 2A+B+C 
ss3a + 2b + c, ov2a + b + C==3a + 2b+c, hence, C=s 
a+b-^c; also, Z) = a + 6 + c+if;therefore the incre- 
ment ofthe sum is an.n+l .n+2+b.n.n+l +a + b+c.n 

. . • 11.. - a.«— l.w-n+l.n+2 
+ a + b+c+d, and the mtegral 
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i.n— l.w.w+1 ,a + fe + c.n— l.n 



g + +a+A + c+rf.-M; 

which requires no correction. 

(429.) Though in general it is convenient to reduce 
an increment to the products qf arithmeticaJ progres- 
sionalSf in order to obtcdn ifs integral ; ytt if a 
quantity of any other form can he found^ whose 
increment coincides with the increment proposed^ this 
quantity, wfien properly corrected, is the integral 
(Art. 421). 

Ex. 1. 

To find the sum of n terms of the series 5 +6+T+ * 
&c. ^ 

Let An + JBw*+ Cw^ + &c. be the sum required; it*s 

increment is ^. w + 1 + B.n -f 1 f -^ C,n + l\^ + &c. — jln 

— jBn*— Cw^ — &c. and the increment of the sum is 

also n + 5 ; therefore ^ + 2Bw -f 5 + 3 Cw*+3 C/z + C+ 
&c.=w + 5 ; and by eqoating the coefficients, C=0; 

1 9 

2jB = l, or JB= -; A + B=:5y orA = ^; hencethesum 

required is ■■ ; which needs no correction. 

Ex. 2. 

To find the number of shot in a pyramidal pile upon 
a Square base whose side is known. 

Let n be the number in one side of the base ; then n* 
is the number cpntained in the first square ; also, since 
one shot iti the next square, will He between every two 
in the former, w — 1 is the number contained in the 

side 
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side of the second square, and »— if the number in 
that Square^ &c. therefore the number of shot is n^ + 

«-ir + ir^\.. + 2* + l*; or l* + 2«+3^..+«^ 

Suppose An + Bri? + Cn^ to be the sum of the series; 

if s increment is A.n + 1 + iJ.w+ll* + C.n + l]^ — An 
^— ßn*— Cn*; and the increment of the series is also 

71+ 1]'; therefore 

3 C««+3 Cn + C 

+ 2 



Cn + C J 

Än+ BV = n» + 2 »+ 1 ; 



and by equating the coefficients, 3C=1, or'C=-, 
3C+2JB = 2, or B=i; C+5+^=l,or;+i + ^ 



1 71 Tv 

= 1, hence ^ = g; and the sum of the series is »+— 

+ — _; which requires no correction. If^«+ iBii* + 
3 

Gw' + Z)w'* + &c. be assumed for the sum of the series, 

it is evident, from the process, that /), and the coeffi- 

cient of every succeeding term, vanishes. 

(430.) If — \ — - represent an in- 

m.m+r....m-hn— l.r 

tegraly where r is constanty and m increäses at every 
Step by r, ifs increment is 



— nr 



■tUJU \ ' 



m.m+r....m + nr 

For, the next value of the integral is * 

f, from which if the preceding 



m+r.w + 2r....m + wr 

value 
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valoe be taken^ tbe difierence or increment, is 



m^tn-^nr —nr 



— flV 

(43 1 .) Cor. 1 . Hence, if -4== — — = represent 

1 
an increment^ it's integral is 



(432.) Cor. 2. If the increment be — = 



A 



_4 1 

the integral is — 11 x — ■ — (Art. 421). 

That is, if an increment can be reduced to the form 
—^^ ., ifs i„leg„l „ay be found by «- 

jecting the last term in the denominator, and dividing 
by the number of terms left, and by the common 
difierence taken negatively. 

This integral must be corrected as in Art. 428. 

Ex. 1. 

To find the sum of m terms of the series 1- 

1.2.3^ 

•f ■ ■ 4- &c. 



2.3.4 3.4.5 

•th 



The m + l term, or increment of the sum, is 

1 . ' - 1 

», whose integral is — ===^==:r + C; 



w-fl.w + 2.m + 3 "^ 2.m + l.m + 2 

.3 



1 • 

and when w= 1, the integ:ral is ; therefore - — 

® 1.2.3 2.2.» 



♦ • 



METHOD OF INCREMEMTS.^ 367 



+ C'=-i^,and C=-^+ ^ 



1.2.3' 1.3.3 2.3.3 13 4* 

hence^ the correct integral, or sum required^ is - 

4 



3.m+i.m+2. 



EJx. 2. 



To find the sum of n terms of the series 



5 



1.2.3.4 



^ +r-:^. +&C. 



*■■ 



2.3.4.5 3.4.5.6 

The w+1 term^ or increment of the sum, is 

2n + 5 2.n+l+3 

n + T.n + 2.n+3.n + 4 n+l.n-f-2.«+3.w + 4 ^ 

+ ; ■ I . : ; and the 



w + 2.« + 3.n + 4 W+1.W + 2.W+3.W + 4 

integral or sum = . ^ + C j 

^ W + 2.W + 3 W + 1.W + 2.W + 3 

5 

and when w = l, the sum is ■ , _ . ; therefore 

1.2.0.4 

+ C= ; hence, C»-— -— — -. = -, 

3.4 2.3.4 1.2.3.4 1.2.3.4 3' 

1 

and the cotreet integral, or sum required, is r - 



n + 2.w + 3 « + l.« + 2.n-+-3 3 n + l.«+3 

R Ex. 3. 



/ 
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Ex. 3. 



To find the sum of n termcr of the series 7— +--: 

1 .3 2.4 

3.5 4.0 

The increment of the sum is " 



w + 1 .w+3 



w+2 «+1+1 1 



' n+l.n + 2.n+3 n + l.n + 2.n + 3 n + 2.n + 3 

; tberefore the sum is — ......^ — 



n+l.»-f2.n+3 n-ffi 

^ , =r + C; letn=l, theu -i ^+C= 

2.W+1.II+2 3 2.2.3 

— ; hence, C'= - + — = f^ = 4^ *nd the sum 

required is 7 tt; "" T'^tTTt^* 

^ 4 n + 2 2.n+l.n + 2 



Ex. 4. 

To find the sum of n terjus of the series — + 

1.3 . 

The increment of the sum is ■ —= =:. ; assume 

2»+1.2«+3 

2v^2n+l, then v increases as fast as n^ i. e. it increases 

by 1 at every step ; and ^ == = — «==«= 

•^ 2w + 1.2« + 3 2v.2v + fi 

1 

4 
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a= - X ■ , whose integral w - — + C= - ^ 
4 VJ>'i'l ' 4v 4»'+ 3 

+ C; aad when n» I, wehave - ä + Ca -, or C=s - : 

D 3 2 

therefore the sum required is . 

^ 2 4n+2 

Tbey wbo wish te prosecute this subject farther^ 
luay coQiult Dr. Wariaj^'s Fiuxions^ Sterling^s Sumr- 
Tnmtion ofSeHes^ and Emerson's Method of Incre^ 



ON CHANCES. 

(433.) ^ an event may tahe pldce in n (l^erent 
waySy and each ofthese he equally likely to liappen^ the 
probability that it will tahe place in a specified way is 

properfy representedhy -, certainty being represented 

by unity : Or, which is the same thing, ff the vafue 
qf certainty he unity ^ the value of the expectatioa 

that the event will kappen in a specißed way is -. 

For, the sum of all the probabilities is certainty^ or 
unity, because the event must take place in some one 
of the ways, and the probabiHties are equal ; therefore 

each of them is -• 

n 

(434.) Cor. If the value of certainty be a^ the value 

of the expectation is -. But in the foUowing articles 

we suppose the value of certainty to be unity« 

RS (435.) If 



* 

t > 
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. (435.) Ifan event may happen in a waySj and fall 
in b waysy any of these being equally probable, the 

Chance ofifs happening is —777, and the chance qfits 
failing is p. 

The chance of it*8 ' faappenhig must, from the 
nature of the supposition, be to the chance of if 8 
failing, as a to 6 ; therefore the chance of it*s hap- 
pening : chance of it's happening, together with the 
chance of it's failing :: a : a + b; and the event must 
either happen or feil, consequently the chance of it's 
happening together with the chance of it's failing 
is certainty 5 hence, the chance of if s happening : 
certainiy :: a : a + b; and the chance of it's happening 
_ g 

a + b' 

Also, since the chance of it's happening together 
with the chance of it's failing is certainty, which is 

represented by unity, 1 --t, that is, . ig the 

chance of it's failing. 

Ex. 1. 

(436.) The probability of throwing an ace with a 

Single die, in one trial, is ^ ; the probability of not 

5 
throwing an ace is ^ ; the probability of throwing 



either an ace or a duce, is ^ ; &c. 



Ex. 2. 
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Ex. 2. 

(437.) If w balls^ a, b, c, rf, &c. be thrown promis- 
cuously into a bag^ and a person draw out one of 

them^ the probability that it will be a is ^; the pro- 

.2 

bability that it will be either a or bis -. 

Ex. 3. 

(438.) The same supposition being made^ if two 
balls be drawn out^ the probability that these will be 

a and b is — ===•. 

W.W— 1 

w— 1 . . 

For there are ^•--^ combinationg of nthings taken 

two and two together (Art. 230) ; and each of the^e 
is equally likely to be taken ; therefore the probability 

that a and b will be taken is -, or * ■■ 



XS, 



JEx. 4. 

(439.) If 6 white and 5 black balls be thrown pro- 
tniscuously into a bag^ and a person draw out one of 

them^ the probability that this will be a white ball 

ß 
is — ; and the probability that it will be a black ball 

. 5 

1S-. 

(440.) From the "Bills of Mortality in different 
places^ tables havc been construeted which shew 

how 
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how many persons, upon aa average, out of a certain 
number born, are left at the end of each year, to 
the extremity of life. From such tables, the proba- 
bility of the continuance of a life, o^ any propoded age, 
ia known» 

Hk. 1. ' 

(441.) To find the probability that an individual of 
a given age will live one year. 

Let A be the nrnnber, in the tables, of the givea 
age, B the number left at the end of the year ; then 

^2 18 the probability that the individual will live one 

A^ B 

year; and<— -^ — the probability that he will die in 

that time (Art. 435). In Dr. Halley's Tables, out 
of 586 of the age of 22, 579 arrive at the age of 23 ; 
hence, the probability that an individual aged 22 will 

live one year is ^ or - nearly ; and ^, or - 

nearly, is the probability that he will die in that 
time. 

Ex. 2. 

(442.) To find the probability that an individual 
of a given age will live any number of years. 

Let A be the number, in the tables, of the given 
age, Bj Cf D, . . . X, the number left at the end of 

1, 2, 3,. . . .f, years ; then -j- is the probability that 

the 
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, . ' C 

thc individual will live one 3rear; -j the probability 

X 

that he will live 2 years; and ~- the probability that he 

will Kve / years. Also, j , "^ -, — ^— , are the 
probabilities that he will die in 1, 2, f, years. 

These conclusions foUow immediately from Art. 435, 

(443.) Iftwo events be independent qfeach other, 
and the probability that one will kappen be — , and 

the probability that the ather will happen be ^ , 
the probability that they wiU hoth happen is — 



n 



mn 



For, eaeh of the m ways in which the first can happen 
or ikil, may be combined with each of the n ways 
in which the other can happen or fail, and thus form 
mn combinations, and there is only one in which 
both can happen ; therefore the probability tliat this 

will be the case is — (Art. 433.) 

mn ^ ^ 

(444.) CoK. 1. The probability that both do not 

happen is 1 — ^ — , or ■ For, the probabilitv 

^^ mn mn ' ^ ^ 

that they both happen,. together with the. probability 

that they do not both happen, is certainty ; therefore 

if fh>m unity, the probability that they both happen 

be 
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». be subtracted, the remainder is the probability that 
they dö not both happeh. 

(445.) Cor. 3. The probability that they will both 
failis^S 1 . For. the probability that the first 

will fail is — ^^^y and the probability that the second 
will feil is ; therefore the probability that they 



will both fall IS X , or . 

tn n Mn 

(446.) Cor. 3. The probability that one will happen 

TU "4- W ~" Q 

and the other feil is — . For, the probability 

mn '^ 

that the first will happen and the second feil is — x 

w— 1 

' ^ and the probability that the first will feil and 

the second happen is x -, and the sum of these, 

* *^ m n 

or — '^ , is the probability that one will happen 

and the other feil. 

(447.) Cor. 4. If there be any number of independ- 
ent events, and the probabilities of their happening 

be— , -, -, &c. respectively, the probability that they 

1 
will all happen is ^— . . For, the probability that 

the 



^ 
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the two first will happen is — , and the probability 

1 

that the two first and third will happen is ; and 

^^ mnr 

the same proof may be extended to any nnmber of 

events. When niisnzsr &c. the probability is — , v 

rnr 

being the number of events. 

Ex. 1. 

(448.) Required the probability of throwing an ace 
and then a deuce with one die. 

The Chance of throwing an ace is n, and the chance 
of throwing a deuce in the secoixjl trial is x ; therefbre 
the chance of both happening is -rj. 

Ex. 2. 

(449.) If 6 white and ö black balls be thrown pro- 
miscuously into a bag, what is the probability that 
a person will draw out jßrst a white, and then a 
black ball? 

The probability of drawing a white ball first is — 

■ 

(Art. 439), and this being done^ the probability of 

5 \ 

drawing a black ball, is -— , or -, because there are 5 

white and 5 black bälls left ; therefore the probability 
required is-rT^j^^rr- Or we may reason thus ; 

unless 



/ 



. «- 1 
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unless the person draw a white bali first, the whole is 
at an end ; therefbre the probability that he will have' 

a Chance of drawing a black ball is ~, and when he 

has this chance^ the probability of it's succee^ing iä 

5 1 

~, or ^ ; therefore the probability that both these 

events will take place i? — x -, or — . 

^ 11 2' 11 



ISx, 3* ■ " 

(450.) The same supposition being made, what is 
the Chance of drawing a white ball and then two black 
balls? 

The probability ofMolrawing a white ball and then 

a black one is -^ (Art. 449) ; when these two are 

removed^ there are 5 white and 4 black balls left ; and 
the probability of drawing a black ball^ out of these^ 

is - ; therefore the probability required is rr ^ 5 = 

4 
33' 

£x. 4. 

(45 1 .) Required the probability of throwing an ace, 
with a Single die^ in two trials. 

'5 
The chance of failing the first time is ä, and the 

5 
chance of failing the next is g ; therefore the chance 

of 
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25 

of failing twice together is r^t, and the chance of not 
failingy both times, is 1 - -^, or — ;. 

Ex. 5. 

(453.) Jn how manj trialg maj a person undertake, 
fi)r an even wager^ to throw an ace with « single die ? 

Let X be the nnmber of trials ; then, as in the last 

Art. the chance of failing x times together is jJ , and 

. this^ by the question^ is equal to the chance of happen- 



ö 
ing, or g 



Ä^j hence^ xxlog. Ä=log. -, or a?x 



m 

log. 6-log.-6=log. l - log. 2, and «=i^4^]^ 

— T T^^T , since log. 1=0; i.e. x= 3.8. neaily. 

1<^. 6-log. 5* 6 ' » j 

Ex. 6. 

(453.) To find the probability that two individuals, 
P and Q^whose ages are known, will live a year. 

Let the probability that P will live a year, deter- 
mined by Art. 441, be-*; and the probability that 

Q will live a year, - ; then tlie probability that they 

will both be alive at the end of that time is — x - 

m n 



1 
or — 

mn 



Ex. 7. 
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Ex. 7. 

(454.) To findthe probability that one of them/ at 
least, will be alive at the end of any number of years. 

"... . tn— 1 
The probability that P will die in a year is , 

... w— 1 
and the probability that Q will die is ; therefore 



the probability that they will both die is — 



mn ^ 



and the probability that they will not both die is 1 — 



, or 



mn mn 

.1 ' . . 

In the same manner, if - be the probability that P 

P 

. . 1 • . 

will live t years, and - the probability that Q will live 

the same time (Art. 442) ; the probability that one of 
them, at least, will be alive at the end of the time is 1 — 

pq ' pq : , 

(455.) If the probability of an event's happening in 

one trial be represented by -— r (Art. 435), to find 

the probability of it's happening onee, ttviee, three 
times, &c. exactly, in n trials. 

The probability of it's happening in any one parti- 

cular trial bei ng j^, the probability of-it's failing 

in all the other »—1 trials is ^, , (Arts. 435. 

^ + 61""" ^ 

447) ; 
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447) ; therefore the probability of it*8 happening in 
one particular trial^ and failing in the rest^ is ■ .^ ; 

and since there are n trials^ the probability that it will 
happen in sorae one of these^ and fail in the rest, is 

n times as great, or .. The probability of it*s 

happening in any two particular trials^ and failing ki 

a'i*'"* w — 1 

all the rest, is ^ . and there are n. ■' wäys in 

which it may happen twice in n trials and fail in all 
the rest (Art, 230) ; therefore the probability that it 

will happen t^rice in n trials is . In the 

samQ manner^ the probability of it*s happening exactly 

three times is ===r ; and the probability 

of it*s happening exactly t times is 

n— 1 w — 2 n-t+l „ . 

w.— — .-— — — a'i»-^ 

2 3 t , . 

(456.) Cor. 1. The probability of the event's fail- 
ing exactly t times in n trials may be shewn^ in the 
same way, to be ^ 

w.-— — .-— — 1 — a* b\ 



+ 61" 



(45 7.) Cor. 2. The probability of the event*s hap. 

pening 
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peniQg at least t times ia n trials is 

9t— 1 

a* +««*"^ i+n.— — -a*"*i* to n-* /+ 1 teraas 



For, if it happen every time^ or feil only tmce^ 
twioe,. ••.»-<-/ times^ it happens t times; therefi3re 
the whole probability of it*8 htippening at least t times, 
m the Bum of the proiMbilittes of it's happening ereiy 
time^i of iailing only once, twice^ . . . . n — / times; 
and the sum of these probabilities is 

ix*4-wa*""'Ä+i«. a*"*6*. . . . ton-f+1 terms 

Ex. 1. 

(458.) What is the probability of throwing an ace, 
twice^ at least^ in three trials^ with a Single die ? 

Inthiscase» «c=3, / = 2, a=l, 6 = 5 ; and the pro- 

1+3.5 l6 _ 2^ 

27 



bility required is -g_-^^ = - 



Ex. 2. 

(459.) What is the probability that out of five in- 
dividuak^ of a given age^ three^ at least, will die in a 
given time ? 

Let — be the probability that any one of them will 

die in the given time (Art. 442) ; then we have given 
the probability of an event's happening in one in- 
stance, to find the probability of it's happening three 
times in five instanoes. 

In 



I 
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In thiscase^ a=l, 6 = m— l,w=s5, / = 3 ; therefore 

. , , .,. . ,. i+5.m-l + 10.m -l|* 
the probability requiued is 3 ^• 



SCHOLIUM. 

(460.) Much more might be said on a subject so 

extensive as the doctrine of chances ; the Learaer will 

however find the principal grounds of calculation in 

Articles 433, 435^ 443, 455, and 457^ and if he wish 

ibr farther information, he may consult De Moivre's 

work on this subject. It may not be improper 

to caution bim against applying principles which, 

OD the first view, may appear self-evident, as there 

is no subject in which be will be so likely to mistake 

as in the calculation of probabilities. -A Single 

instance will shew the danger of forming a hasty 

judgement, even in the most simple case. The pro- 

. . ' . . . • 1 

btbility of throwing an ace with one die is g, and 

since there is an equal probability of throwing an ace 
in the second trial, it might be supposed that the 

probability of throwing an ace. in two trials is ^. 

This is not a just conclusion (Art 451); for^ it 
would follow, by the same mode of reasoning, that 
in six trials a person could not feil to throw an ace. 
The error, which is not easily seen, arises from a 
tacit supposition that there must neeessarily be a 
second trial, which is not the case if an ace be thrown 

in the first. 

• ON 



'm. • 
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ON LIFE ANNUITIES. 

(461.) Toßnd the present vabie of an annuity of 
£\. tohe continued during the life of an individual 
öfagivenage, alhwing Compound interest Jbr tke 
nvoney. 

Let r be the amouut qf ^ 1 ., in one year ; A the 
number of persons^ in the tables^ of the given age ; 
J5, C, D, &c. the number left at the end of 1, 2, 3, 

&c. years (Art. 440) ; then --^ is the value of the life 

CD, 

for one year, -^ -j, &c. it*s value for 2, 3, &c. 

years; and the series .must be continued to the>end 
of the tables. Now the present value of ^ 1 ., to be paid 

at the end of one year, is - (Art. 398) 5 but it is only 

to be paid on condition that the annuitant is alive at thq ! 

B 

end of the year, of which event the probability is -j; ; 

therefore the present value ^f the conditional annuity 
is -j- (Art. 434) ; in the same manner,' the present 

value of the second year s annuity is -j^ ; the present 

value of the third year*s annuity is -^—3 ; &c. there- 

1 "B T^ rj 

fore the whole value required is --jx— +-öH — r + &c. 

to the end of the tables. 

(462.) De 
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(462.) De Moivre supposes, that out of eighty-six 
persona born, one dies every^ year, tili they are all 
extinct 

This supposition is sufficiently exact, if our calcu- 
tations be made for any age above ten, as will appear 
from an inspection of the tables ; and on this suppo- 
sition, the sum of the series "-sx— + -; + h &c« 

inay be found. ' 

Let n be the number of years which any individual 
wants of 86 ; then will n be the number of persons 
living^ of that age, out of which one dies cvery year ; 

and , ,— ^ , &c. will be the probabilities of 

fi ft fi 

his living, 1, 2, 3, &c. years ; hence, the pre^ent value 

w — 1 
of an annuity of ^ 1 ., to be paid during his life, is 

^B ^% iM ^... ^ 

f|---ZL. + -.-u&c. continued to n terms. The sum 



. n- l.x , n — 2J€^ . n-3.j?3 . ^ . 

ef thesenes H + to n terms, 

n fi n 



was found Art. 414. Ex. 3. to be >a i 

n.l.— j?| 

1 12 "^ 1 fl ^ 12 

let * = -, and the sum of the series, 1 r- + 

r wr . nr 



n— l.r— wH — ;;:r7 

^.I \ &c. to n terms, is— > — ; the pre- 

»r* w.r- If 

sent value of the annuity. 

s (463.) Cor. 1 . 



\: 
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(463.) Cor. I . This expression for the sum is the 

1 

sacne vvith 



Pbe the present value of an annuity of ^ 1 ., to continue 

i-i 

certain for n years^ then Pss, ■ (Art» 402) ; aiid 

r— l 

V 

1«-P 

the expression becomes ' 

r— 1 



(464.). Cor. 2. The present value of the annuity 

to continue for ever, from the death of the proposed 

. . . . rP 
individual, is ^ , 

n.r — 1 

For, the whole present value of the annuity to con- 
tinue for ever, is (Art. 404) ; and if from this, 

if s value for the hfe of the individual be taken^ the 

rP 

reniaihder ^ is the present value of the annuity 

w.r— 1- 

to continue for ever, from the time of his death. 

(465.) Töjind the present value of an annuity of 
£ i ., to he paid as long as two specified individimk 
are hoth living. 

Find, by Art. 453, the probability that they vi^ill 
both be alive at the expiration of 1, 2, 3, &c. years, to 
the end of the tables ; call these probabilities a, i, c, &c. 

and 
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n h 

and r the amount of <£ 1 ., in one year ; then - + — + 

P + &C. is the present value of the annuity required. 
(See Art 46l). 

(466.) Toßnd the present value qfan annuity of 
£l., tobe paid as long as either of two specified indU 
vidtmU is Iwing. 

Find, by Art. 454, the probability that they will 
not both be extinct in 1, 2, 3, &c. years, to the 
end of the taWes, and call these pröbabilities A^ B, C,. 

A B 

&c. then the present value of the annuity is — + — 

C 

+ "3 + &c. (See Art. 46l). 

(467.) CoK. If the annuity be M£.y the present 
value is Mtimes as great as in the former case^ or Mx 
ABC, 

(468.) These are the mathejnatical principles on 
which the values of annuities for lives are calculated, 
and the reasoning may easily be applied to eveiy pro- 
posed case. But in practice, these calculations^ äi they 
require the combination of every year of each life with 
the corresponding years of every öther life concerned 
in the question, will be found extremely laborious, and 
other methods must be adopted when expedition is 
required. Writers on this subject, are De Moivrej 
M^aeresy Simpson, Price, Morgan^ and Waring. 

THE EMD or PART Itl. ^ 

S3 



THE 



ELEMENTS OF ALGEBRA. 



PART IV. 



THE APPLICATION OF ALGEBRA TO GEOMETRY. 

(469.) JL HB signs made use of in algebraical calcu- 
lations being generale the condusions obtained by 
their assistance may, with great ease and convenience, 
be transferred from abstract magnitlides to every class 
of particular quantities ; thus, the relätion of lines, 
surfaces, or.solids, may generally be deduced from the 
priticiples of Algebra, and many properties of these 
quantities discovered, which could not have been 
derived from principles purely geometrical. 

(470.) Simple algebraical quantities may he repre- 
sented by lines. 

Any line AB, may be taken at pleasure to represent 
one quantity a, but if we have a second quantity, h, to 
repf^Bsent, we must take a line which has to the 
former line, the same ratio that h has to a. 

Instead 



APPLICATION OF ALGEBRA^ &C. 277 

Instead of saying AB represents a, we may say 
AB = tty ' supposing AB to contain as many linear 
Units as a contains numeral önes. 

(471.) ffTien a series of algehraical quardities is 
to he represented on one line, and each of them mea- 
sured from the same point, the positive quantities 
being represented hy lines taken in one direction, the 
negative quantities must he represented hy lines taken 
in the opposite direction. 

Let a be the greatest of these quantities, then a—x 
^^y» by the Variation of x^ become equal tö each of 
them in succession. Let AB be the given line^ and 
A the point irom which the quantities are to be 
measured; take AB=ai and since a — j? must bc 

— D 4 — 5 — 5 

measured (Vom Ay BD must be taken in the contrary 
direction =a?, then -^D=a — a?; and that a-x may 
successively coincide with each quantity in the series, 
beginning with the greatest positive quantity, x must 
increase ;• tmrefore J5D, which is equal to x, must 
inerease ; and when x is greater than a, BD is greater 

than ABy and AD, which represents the n^tive 
quantity a — x, lies in the opposite direction from A* 

(472.) Cor. 1 . If the algehraical value of a line be 
found to be negative, the line must be measured in a 
direction opposite to that which, in the investigation, 
we supposed to be positive. 

(473.) Cor. 2. If quantities be measured upon a 
line from if s intersection with another, the positive 
quantities beipg taken in one direction^ the negative 
quantities must be taken in the other. 

(474.) If 
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(474.) If a fburth proportional, to lines rcpresenting 

/), g, r be taken, it will represent 2— ; and if j> « 1, it 

will represent 9 r ; if also, q and r be equal, it will re* 
pres^nt ^. 

(475.) If a mean proportional between lines re pre» 
senting ä and b be taken, it will represent aJ ab^ 
which, when a = 1 , becomes ^/ b. Hence it appears, 
tbat any possible algebraical qüantities may be repre- 
sented by lines; and conversely, lines may be ex- 
pressed ' algebraically ; and if the relations of the 
algebraical qüantities be known, the relations of the 
lines are known. 

(476.) The relathns of surf aces to each other mmf 
be expressed algebraically. 

Let the sides ABy AC of the rectangle AD con- 
tain the linear units a, 6, respectively ; then ab will 
be the number of superficial units contained in the 



A 


• 








r 














C 










D 



area. For, every unit in ABy or «, has b units in 
the area, corresponding to it ; consequendy there are, 
upon the whole, ab units in the area. Thus a& is 
a propet represehtation of the rectangle AD ; and by 
reducing other surfaces, to rectangles, their algebraical 
values hiay be found. 

Cor. 
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Cor. Henoe^ the product of the two quantities a 
and b, is often called their rectangk ; and when b it 
* equal -to a, this product is called the sfuare of a. 

(477.) In the same maaner^ ^f^b, c represent the 
linear units in the three sides of a rectangalar 
parallelepiped, abc will be the number of solid units 
contained in the flgure ; and consequently solids may 
be compared^ by comparing their algebraical values. 

(478.) If the line PMmove paralld to itself upon 
the indefinite line AP, and at the same time increase 
or decrease^ the point Mw\l\ trace out a straight line, 
or a curve. AP is called the abscissa, and Pilf the 
Ordinate ; and the straight line^ or curve^ is said to be 
the loass of the point 3/. 

The nature of the curve depends upon the relation 
of AP to PM; and this relation, when expressed 
algebraically, is called the equation to the curve. 

(479.) Havinggiven the nature^ or construction of 
the curve^ ifs equation may befound. 

Let BM be a straight line cutting AP in a given 




angle at B, the relation of ^P to PM is expressed by 
a simple equation. 

Suppose APszx, PM-siyy AB=:ai then since %ht 
angles at J5, P and M are invariable, BP bears an 
invariable ratio tö PMy let tbis b^ the ratio of b : c. 

Then 
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Then since BP=iAP^AB^x-a. we have x—a: 
y \\h i c, and by^^cx — ca, or by—cx+ca^O. 

(480.) Cor. A simple equation belongs to a straight 
linej faecause, by altering the values of b^ Cy and a^ 
and taking x and a, positive or negative, as the case 
requires, tbeequation by — cx + ca^O may be made 
to coincide with any proposed simple equation. 

(481.) Tofind the equation to the Parabola. 

Let a point S be taken without the right line Cß, 
and let the indefinite line SM revolve about the point 




Sin the plane SBC; also, let CM, which is perpendi- 
cülar to CS, cut SM in M; then, if SM be always 
equal to CM, the locus of the point Misa, parabola« 

Through S dv^w BSP at right angles to CB, and if 
SB be bisected in Ä, the curve will pass through A, 
as appears by the construction ; draw il/P -perpendi- 
culär to BP, and let AP=:x, PM=zy, A S=a; then 

iy^+Piir=(ÄM^ = CM* = ) BP\ or r^*+y» 

=a? + ap ; that is, o;'— 2ax+ a* + y*maf + 2««+«*, or 



i^sz4ax. 



(482.) To 
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(482.) Toßnd the equation to the Ellipse. 

Let two indefinite iines SM^ HMy revolve, in a 
^ven plane^ about the points S^ H, and cut each 




other in My in such a manner^ that SM+ MH raay 
be an invariable quantity ; then the locus of the point 
M is an ellipse. ' 

Bisect SHm C, and from M draw MP perpendicular 

^ toÄ//,orÄ/fproduced; let CP^x,PM=^y, CS^c, 

' SM^MH=2a. Then ^ SP'+ PM^=^SM, and 

a/äP» + PM^ = HM; therefore ,^SP^ + PM +^ 

s /HP" + PM ' = SM+ HM, or ^T^ ' -f ^ + 

V c + xy + y ^^2a\ hence, v c-i?]' +y*= aa- 

V e+a?l*+y% and squaring both sides, c*— 2ca?+«^-fy* 

= 4a'-4ax\/cHMC^+y*+c* + 2caf + Ä^+y'; that 
is, by transposition, 4a*4"4cj? = 4a v c + a?]*+y% or 

a*+ca?=a\/c + j:|*+y*; and again squaring both 
sides, a*+2a'cj?+cV=a*c* + 2a*ca?+aV+ayj or 
ay=Ä*-aV-a^=^xa?*;leta'--c*=*^,thcnays=: 

6^ 



tffc* - 6*«% and y* Ä ^ X a*-a?*i 



(483.) CoE. 1. 
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(483.) Cor. 1. If iSandlTcoincide^ esO^hence^ 
areb, and y^sa'-«»j^9 the equation to a circle. 

(484.) Cor. 2. Whensß^+a, er — a, then^sO; 
iherefore taking C^ = CD s a, the curve passes through 

(485 .) Cor. 3. If AP = ä, then j? = a - ä ; therefore 

fc« J* 

• y* = --xa* — a'+2aÄ-Ä*=:-rX 3a«— «*; the equa- 

tion which expresses the relation .between AP and 
Pilf . 

(486.) Cor. 4. If ^Ä be 6nite, and SM^MH be 
indefinitely increased, the limit to which the curve ap- 
proaches is, at all -finite distances from S^ a parabola. 

In this case z^ vanishes when compared with 2az; 

therefore the limit to which the equation approaches 

J« 

isy* = — x3aÄ; also, 6* = «*- c* = a-f ex a-c, and 

since the diff^rence between a and c is finite and a 
18 infinite^ a + c is ultimately equal to 2a; hence, 

b^:Mi2ax AS; therefore v* = r — x 2az =: aASxz ; 

^ a* 

the equation to the parabola. 

(487.) Toßnd the equation to the Hyperbola. 
Lct two indefinite lines SM^ HM revolve, in a 




^ven 
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given plane^ about the points S, H, and cut each 
other in Mj in such a manner that JET/I/— SM may 
be a given quantify ; then the locus of the point M is 
an Hyperhola. 

Bisect SH in C, and dra^^ MP perpendicular to 
HS, or HÄproduced ; let CP = x, PM^y, SC^c, 
HM- SM=2a. Then by proceeding as in Art 482, 

\/jp + cl*+y*-\/a?— cr-»-y* = 2a, and a'y* = c"* — a*.a?* 

'-ä'c^'^ä^; in this case, 2 c is greater than 2 a 
(EüC. 20. 1), kt therefore b*=zc*—a^, then a^ =:6V 

^ a* 
(488.) Cor. 1. The equation to the enipse,y*=: -^X 



a'— J?% becomes the equation to the Hyperbola, if 6* 
be supposed to be negative. 



(489.)- Cor. 2. The equation y' =— x a* - ^* may be 

considered as the equation to any conic section : it is 
the equation to an Ellipse, when b^ is positive ;. to a 
Parabola, when i* is infinite (Art. 486) ; and to an 
Hyperbola, when b^ is negative. 

(490.) Cor. 3. USM^HM=2a, a figure, similar 
and equal to the former, will be traced out, which is 
called the opposite Hyperbola. 

(491 .) Cor. 4. If 0? = ± a, then y = O ; therefore 
taking CA=zCD=:a, the curve passes through Jl 
and D. 

(492.) Cor. 5. IfJPzsZythen CP, otje^z + a^ 

and 
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h _ 

and a^^a*=zz* + 2az; hence, y*=-^x 3J*-K2aÄ, ^e 

equation which expresises the relatioh between AP and 
PM. 

^(493.) CoK. 6. In the opposite Hyperbola, xszz-a; 

f[ß . II • • 

therefore o?' - a* = ä* — 2 az, and^ = -^ x r* - 2 az. 

(494.) Tojind the equation to the Oissoid of Diocles. 

Let AB bc the diameter of a semicircle ANB ; 
from the points R and P, taken always at equal 




. ♦ 



distances from A and JB, draw RNy PM, at right 
angles to AB, and join AN meeting PM in M\ 
the point M will trace öut a curve called -the Cissoid 
of Diocles. 

From the nature of the circle, ARx RBssRN* 

and by the construction, AR x RB^ PB x APy also, 

from the similar triangles APMy ARN, AP : PMv. 

PBxPM 
AR : RN, or AP : PM :: PB : RN= ^^p ; 

PB^ X Pilf * 
and RN^^ ^S =PB x AP; therefore PB x 



AP 



PM*^ 
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PM^^AF". Let AB^h, AP^x, PM^y^ then 
6— a?xy* = x3, the equation requitied. 

(495.) Tofind the equation to the Conchoid of Ni- 
comedes, 

f 
Let AB be a line given in position^ and about any 
point C, taken without it^ let the indefinite line CM 




revolve, and cut AB in E ; then if EM be taken 
always of the same length, the point M will trace out 
a curve which is called the Conchoid of Nicomedes. 
Draw CAD and MP at right angles to AB, and MF 
parallel to it; let €A=za, AD = EM=b, AP^x, 
PM^y. Then from the similar triangles CFM, 

MPE, CF{a+y) : FM{x) :: MP{y) : PE=^^i 

and EM* = EP* + PM\ that is, A* = .Ar; +y» ; 

there&re a+yl'x b^^x'y" + a+y|*x^% or a+y)*x 
ö*— y*=a?y, the equation to the curve. 

ft EM be measured in the opposite direction from 
iS^ the equation to the curve is a-^y|*x 6'-y*=a?y. 

(496.) Tb 



• 
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(490.) Toßnd the equaiion to tke Logarithq|ui|(: 
Curve. 

If in the indefinite Itne AE, we lake ABf BC^ 
CDf &c. always equal to each other^ and ordinates 




A iS C JJ ^"E 

AF, BG, CHy DI, &c. be drawn af right angles 
tö AE, and in geometrical progression^ the curve 
FGHI &c. which passes through their extremities^ is 
called the Logarithmic Curve. From the nature of 
logarithms (Art. 385), any abscissa AC is the loga- 
rithm of the corresponding Ordinate CH, in a System 
which depends upon the magnitudes of ^JPand jBG, 
supposing AB given ; in the same System, let 1 be the 
logarithm of a; also, IttACzzx, Cll^y\ then a: = 
log. y, and 1 = log. a, or a;=j? x log. a ; therefore log. 
y=^xx log. a = log. cf ; hence, y = a', the equation to 
the curve. 

(497.) Having given the relation hetween one ab- 
scissa CP, and Ordinate PM, in a curve, to find thit 




B jS I' C G 

relation hetween the abscissa SQ, which £f measured 

from a given point S in a given direction, and the 

Ordinate QM, which is inclined to PM at a given 

angle. 

Suppose 
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Suppose PM perpeodicular to CP ; produce MQ 
«od DPC tili they meet in G, draw SB, SD, ÄF, 
respectively parallel to MG, MP, DC; and let sin. z 
KSE^pi sin. /.SKE, or MKQ=mi sin. zKMQ 
= gi sin. ^MQK^n-, sin. cMFE, oxMOP=s% to 
rad. 1 ; ÄB=FÖ=i, DC=/, CP*«, PM=xy, ÄQ 

Then in the triangle SQ.F, s xyx:% '.^^Q,F\ 

s 

hence, GM=::GF+FQ+QM=d+^ + Vi and in 

the triangle MGP, 1 : ^ :: £Z+^+«^ 2 Ärf+/?«+^t;=s 
PM=y. 

Aho, in the triangle MKQ^ m : :: t; ; ^ = J^lQ, and 

^ m 

SK^ ÄQ - ä:Q = Ä - 2Ü . again, in the triangle SKE, 

1 : m :: Ä - ^ : mz^qv = S'-B = DPj hence^ /- 

mz-- qv^f—m% + qv^CP^x\ and if these values 
of X and y be substituted in the equati<m whicfa repre- 
sents the relation of CP to PM^ an equation is obtained 
which represents the i^Iation of SQ to QM. 

(498.) Cqr. 1 . Since the values oix and y are repre- 
aented in simple terms oiz and v^ the equation to the 
curve i¥ill rise tö the same number of dimensions^ 
whatever abscissa and ordinate are taken. 

(499O Cor. 3. From the principles of Trigonometry 
it appears, that m, 71, and s may be found in terms of 
p and q ; therefore in the values of x and y^ before 
obtained, thiere are only four independent invariable, 
quantities d^ f^ p, and q. 

(500.) Cor. 3, 



*. 
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(500.) Cor. 3. If the curve be a conic section Whosc 

centre is C and axis CPy then ö*y* = J* x a* — x* 
(Art. 489), di^d substituting ioxx and y their values, we 

have a*x sd + pz +sv\^ ^h^ x a^ ^f— mz + qvY, or 
arranging the terms according to the dimensious of Vy 
^e*\v' + 2spa\zv + 2$*da\v 



s-ar^^v" -f- :ispa^>^zv -i-'Jis-aa^^^ 
+ q^bO ^ 2mqb0 +2fq b ) 



(501.) Cor. 4. The equation obtained in the last 
article may be made to coincide with any equation of 
two dimensions Av^ + Bä v + Cv + !>«' + Ez + F= 0, 
by equating the coefficients of the corresponding terms; 
because we shall have six equations to determine the 
six independent quantities/ «*, b^y dy fy p, q. Hence 
it follows, that every equation of two dimensions 
belongs to some conic section. 

(502.) Having given the equation which expresses 
the relation between the abscissa and ordinatey the 
curve may be described. 

For, any abscissa being assumed^ the corresponding 
values of the ordinate are known from the equation ; 
and thus, by assuming different values of the abscissa, 
the curve' may be traced out. 

(5 03 .) Ex. 1 . If ay = J j; + c'rf be the proposcd equa- 




tion, it belongs to a right line (Art. 480). Let the 
abscissa be- measured from the point Ay along the line 

AB; 



NATUIIE dF CURVES. 389 

AB; then, whenxs=0^ we have y= — ; from ji, 

therefore^ draw AC making a finite angle with AB, 

cd 
and equal to — , and the line which belongs to the 

proposed equation must pass through C Also^ if y = 0^ 

-crf 
then X = — 7- ; take therefore, upon the line ADPj 

cd 
ADs:^'-jry^nd the line tp which the equation belongs 

must pass through D ; therefore DCM is that line. 

(504.) Cor. IfAP be taken to represent any value 
of X, and the ordinate PM be drawn parallel to AC, 
PMvnW represent the corresponding value of ^. 

(505.) Ex. 2. Let the equation to the curve be 
axs=:y*; then, when ^ = 0, we have ^ = 0, or the 
curve passes through A; when x is positive, y= ± 

/y/o^, and when x is infinite, these values are still pos- 
sible ; therefore the curve has two infinite arcs lying 
the same way from A ; but when x is negative, ^ 




becomes impossible ; therefore no part of the curve lies 
the other way. 

T (506.) E«,3. 



•i .4 
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(506.) Ex.3. LfettheequationtothecurvebeoTysai; 
then, when x is iädiefinitely small, y is indefinitely great, 
and whep x is positiv^and indeffinitelygre?^^^ is positive 
and indefinitely sn^all ; therefore the qurve will have 




two infinite aixis between the lines AE and AB; also, 
when X is negative, t/ is negative, and when infinite, 
2/ is infinitely small, and when x is infinitely small, y is . 
infinitely great ; therefore the curve will have two 
infinite arcs between Ab and AF. 

These lines £jP, Bb, whieh continually approach 
to the curve, and whose distances frora it become, 
at length, less than any that can be assigned, but 
which produced ever so far do not meet it, afe called 
Asymptotes. 

(507.) Ex. 4. Let j?* - aV + ay = ; then, y = ± 

X i 

-V^a*— 0?*; and when x is nothing, y is nothing, or 



a 



the curve passes through A, the point from which x 




is measured. When :r=±a, then y = 0; therefore 

the 
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the curve passes through B, and b, supposing ABzs 
Ab=z±:a; but if X be greater than a, y becomes 
impossible ; therefore no part of the curve lies beyond 
Borh. 

(50&.) Ex. 5. To find the conic section to which 
any proposed quadratic equation belongs. 



Let ay^ + i + cx.y +d+ ex A-f^x^ = 0, a general 

equation of two dimensions^ be the proposed quadratic ; 

1 o h + cx d+ex+fx* , ■ . i 

then y*H xy = ^ — ; and completing the 

_T+c^* d+ex+fx" 
a *^ ' 2a ) 2a \ a 

_ y + 2fcca? -f cV— 4arf-4gex— 4q/g* _ 



.^ h-\-cx . i + cor* 
Square, y* H x y 4 



c*-4a/'xa?* + 26c-4aexa? + i*-4arf , ^ '. 
^ ^ — i"-^— and extractingi 

"4" ex 

the Square root, y + —T = 

^ a 

, wc'^''4af,x'^ + 2bc'-4ae.x+b^'-4ad « . 

± : ai 1 -r — L and V = 

2a ' ^ 

— &4-ca?± Vc*-4a/.a?* + 2i>c-4ae.a?-f fc* — 4flcf . 

2a . ' 

Hence, 1 . If c* — 4 «y be positive, then, when ± a?is 
infinite, y has four possible values ; therefore the curve 
has four infinite arcs, or it is the hyperbola. 

2. Ifc*-4a/'=0, the curve has only two infinite 

arcs ; because, when 2 6c - 4 ae.x + 6* — 4 arf becomes 
negative, the values of y are impossible; and the curve 
is a parabola. But if 2 ic - 4 a e be also = O, then y = 

T 2 — J 
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=^ ; and wnen 6* is greater thau 

4 ad, the curve becomes a right line. 

3. If c'— 4 a/* be negative, the cui-ve has no infinite 
arc ; for, when ± ^ is infinite, the values of y are im- 
possible ; hence the curve is an eUipse. 

3. If c^- 4 fl/be negative, Sic — 4ae = 0, andi* — 
4aefbealsoO, or negative, all the values of ;y are 
impossible ; in this case the ellipse wholly vanishes. 



ON THE CONSTRÜCTIÖN OF 

EQÜATIONS. 

(509.) The relation 'bet ween the abscissa and Ordi- 
nate of a conic section is expressed by a quadratic 
equation, in which, for every difFerent value of the 
abscissa, there are two corresponding values of the 
Ordinate, and if the abscissa be so drawn, and the 
conic section iso constructed, that if s equation coin- 
cides with a proposed quadratic, the two ordinates 
will be the roots of that quadratic, which may be 
determined to a tolerable degree of accuracy by actual 

measurement. 

1 
Let MCM be a circle (a figure more easily de- 

scribed than any other conic section) whose centre is 
A and radius -4M; take AP an abscissa, PMsm Ordi- 
nate meeting the circle in J/and M; join AM, and 
drzwMB at right angles to AP ; let AP=x, PM—y, 
AM= r, and the cosine of the angle APM (to the 

radius l) = c; then 1 : c :: PM : PB^cx PM^cy^ 

and 
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and ^ilf*«^P^+P^ - 2^Px J8/>, or r»=»*4y*- 




3 cxy ; that ij, y* — 3 cxy +x*— r* = O ; which equation 
may be mad^ to coincide with any proposed quadratic. 
Ex. Let the roots of the equation y* - py -f J = 
be required. 

Here 3 ex =/?, and o:* — r' = y ; and since there are 
three undetermined quantities Cy Xy and r^ and only 
two conditions to be answered^ one of these quanti- 
ties may be assumed^ of any finite magnitude^ at plea- 

8UTe:suppo8ec=l,thena?=^, r*Äj:*— jrr:£- — jr^ and 

^=\/%l- y ; and since the cosine of the z APM^ 
radius^ PM coincides with PAD\ let therefore a 
circle be described with the radius \/^ - q^ cutting 

(he line JD^P in D and C; take AP^^, and the 

3 

roots of the equation are PC and PD. 

(510.) The intersections of two conic sections, may 
be determined ' by a biquadratic equation^ and if the 
figures be so drawn that this biquadratic coincides 
with a proposed biquadratic^ the roots of the latter 

equation 



VÜS" 
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equflktio» magr b^ found by nieasuring the ordinates 
which determine the points of intersection. 



t 11 m 



Let MMMM be a parabola whose axis is AP^ 
MM mm a circle whose centre is C and radius CM^ 
cutting the parabola in the points M, M, M, M; 
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from these points draw the ordinates to the axis, MP, 

t t 11 11 m m 

MP, MP, MP, and from C draw CD perpendicular 
to the axis, and CN parallel to it, meeting PM'in 
N. Let AD =zay DC=zb, CM=n, the parameter of 
the parabola =/), AP^Xj PM=:i/; tben 'px^y^\ 

also, CM* = CN^ + NM\ or n» =^3^* +y^*^ i- e- 
x^—2ax + a'-\-y^—2hy + V'=re\ and substituting for 

77» 
a? it's value •— , and arranging the terms according 

to the dimensions of y, we obtain 3^ - 2pa— p^y*-^ 
2 &/>*y + p* X a' + 6^ - w* = 0, a biquadratic equation 

whose roots are PM, PM, PMy and Pil/, and which 
may be made to coincide with any proposed biquadra- 
tic whose second term is wanting. 

Ex. . Let the roots of the equation y^ — jy* + ^3^— * 
5=0 be required, 

Assume 
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A8suine/»= 1 ; then 3a- 1 Äy,ora = *— — ;- a6=r, 

or6=— ; a* + fe*-«*s3 -^, or n* = a* + i*+Ä, and 

conseqnently^ n =s j^/lF+F^Ts ; describe a parabola 
^ , , «.^, ^«.^-. ^ ---— ; 

draw Z>C at right angles to it, and = ; from the 

centre C, withtheradius>/ a* -f 6* + *, describe the circle 
MMMm cutting the parabola in the points 3f, ilf, 

2f iff f I » ir 

M, M^ then the ordinate» to the axis, PM^ PM, PM, 

and PM are the röots sought. 

(511.) When DC represents a negative quantity, 
the ordinates on the same side of the axis with C 
represent the negative röots of the equation ; and the 
contrary. 

(612.) Cor. 1 . If the circle touch the parabola, two 
roots of the equation are equal ; if it cut it only in 
two poitits, or touch it in one, two roots are impos- 
sible ; and if the circle fall wholly within or without 
the parabola» or, if a* + &* + ^ be negative, all the roots 
are impossible. 

(513.) Cor. 3. Ifa'+6'=:n% or the circle pass 
through the point ^, the last terra of the equation 

p* xä^ + b* — if = O ; ther efore y* — 2^a - p\tf* - übp^y 
= 0, or yr^- 2pa— p^,y — 3 hp^ == O, a cubic equation, 
which may be made to coincide with a proposed 
cubic whose second terra is wanting, and the ordinates 

PM^ PM P^I are its roots. 

"(514.) COR.3* 
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(514.) Cor. 3. Ifa' + Ä*-n»=0, and also i=rO, thc 
equation becomes y*- 2/?a— p*=:0; by means of 
wbich^ any quadratie^ wanting tbe second term, may be 
solved. In this case^ the circle passes through tbe 
Vertex of tbe parabola, and it*s centre falls in tbe 
axis. 

Tbese soIutions may be obtained, and nearly in 
tbe saroe manner, *by means of any two of tbe conic 
sections. 

(515.) If the roots of a cubic equation, jp^— jjr + r 
ÄS O, be possible, they may be found by means of a 
table of cosines. 

Let DAC be an angle wbose cosine, to tbe radius 
w, is x ; in AD, take AB = m; from JB as a centre, with 
tbe radius BA^ describe a circle cutting AM in C, and 




' c M 

fi'om C, with the same radius, describe a circle cutting 

AD in D; join BC, CD, and draw BK, DM at 

right angles to AM, and CL at right angles to AD. 

Then, the triangles JB^Cand BCD being isosceles, the 

angles ß^Cand ßC^areequal, asalso CßJOand CDB; 

and the perpendiculars BK, CL bisect the baseä ACy 

BD. Also, z DBC^ z BAC+ z BCA = 2 z BAC, 

and z DCM=z z CAD + ^ CDA^ z CAD + ^ CBD 

= z CAD + 2 z C^D = 3 z CAD. Let CM, thc 

cosine of the z DCM to the radius m, be called c; 

then,from the similar triangles ABK, ACL, AB : AKv. 

2x* 
AC : AL. ovm \ X V. 2x \ — ss AL. and AL-^AB 

m 
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s 

« 

SS — r.- m= JSL; hence, ADfOrAL + BL^ s= m; 

again, -4B : AK :: -^D : -^ifcf, orm:x :: m:-— 

4«c^ 

- X =: ^M and ^M— -rfC= C3f « —^ — 3j? as c, thcrc- 

fore 40:*— 3m*a?=smV, and4x'-3m*d:-mVx50. 

3911* 

Let the equation4a:® — 3m*a? - m*c=:0,orx"— -— -« - 

— = 0, be made to coincide with the equation x^ — qa:+ 
r=sO; tbat 18, let --— ssj, and-— -a -r; cur m=s 

4 4 

V — ^, and c = ; then, from a table of cosines. 

^3 9 

3r 
find the angle whose cosine is— -^, to the radius 




-—, and the cosine of one third of this angle, to 

the same radius, is one value of x. 

(5 16.) Cor. 1 . If ^ be the arc whose cosine is c, and 
P the wjüole circumference, c is also the cosine of 

A+P 

A+PyOvA+QP; therefore the cosines of ^ — r — , and 

^l±H£areal8ovaluesof*. 

(517.) Cor. 2. Since the radius is greater than the 

cosine, y -^ is greater than , or -^ is greater 

than ^; that is, ^ is greater than j- ; therefore this 

Solution can only be applied when the roots of the 
cubic equation are possible. (See Art. 331 .) 
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GENERAL PROPERTIES ÖF CURVE 

LINES. 

(518.) A curve is said to be of n dimensions, when 
the e^uation belongiog to it rises to n dimenBions. 

Lety*-«x+Ä.^*""' 4- ca?* + rfo; + ^.y"~* '-&C + 

^4?" + ÄJ?"~'+/j?"'"*-f &c.=0, a general equation of n 
dimensions, exj^ress the relation between the abscissa 
and Ordinate of a cuire, then for every difFerent value 
of X, there are it values of y ; therefore the ordinate 
will cut the curve in w, or in w — 3, « — 4, &c. points, 
aecording as the equation has w, or n- 2, w — 4, &c. 
possible roots. 

(519-) Cor. 1. Hence, if the equation be of an odd 
number of dimensimis, the curve will ha ve, at least, 
one infinite arc on each side of the point from which 
the abscissae are measured ; for, whatever be the value 
of j:, there is, at least, one possible value of y corre- 
sponding to it (Art. 278). 

(520.) Cor. 2. ax-hb is the sum of the ordinates, 
cjI* '\'dx + e the sum of the products of any two, &c. 
and gx^'+häf"^ + laf'""^ + &c. is the product of all the 
ordinates (Art. 271)- 

t m t in 

(521.) If two parallel linesy MMj NN, bedrawn 
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in a curvCj. and he cut hy the rigJU line AQ, in such 
a manner j that in each case, the sum of the ordinates 
on one side ofAQ is equal to the .mm qfthe ordinates 
on the other, all lines drawn in the curve^ parallel tp 
these, tüill he cut by AQ in the same manner. 

Let y— Od? + b.j^^^ + cx^ -f rfj? + e.y*""* - &c. = be 
the equation to the curve, reckoning the abscissae 
from A ; also^ let AP = q, AQ = r ; then the equation^ 

in the two cases, becomes y*— aj+J.y''~* + &c.=eO, 
and y^'-^ar-^ h.y*^ ' -f &c. = O ; and since in each case, 
the sam of the jx>sitive ordinates is equal to the sam 
of the n^tive, a^ + ^srO, and ar + ft=0; and by 

subtractton axr — 5 = 0, ora = 0; hence, J = ö ; there- 
fore whatever be the välue of x, aj? + Ä = 0; ör the 
sum of.the ordinates on one side of ^Q is equal to 
the sum of the ordinates on the other. 

(532.) The line AQ is called 2l diameter oi iht 
curve. * ' 

(523.) If the ahscissa APE, and ordinaie NPQ 
cut a curve in as many points'as it has dimensions, 




the rect angle under the segments ofthe abscissa^ PB 
X PC X PD >< PE, will he to the rectangle under the 
ordinates, PM x PN x PO x PQ, in an invariable 
ratio. 

Let 



300 PROPBRTIES OF CUaVK UNEf. 



Let ,y*- ax+i.y"~' -f &c +g^a?^+ÄJ5*"'' +/«"""• 

+ &c. = be the equation to the curvc ; then goif^ + 
hsf"--^ + /^c""-* + &c. = PM X PN X PO X PQ 
(Art. 520); also^ the values of o?, wheny=rO, zveAB, 
j4C, ad, AE, that is, the roots of the equation g^x* + 

g g 

0> are AB, AC, AD, AE ; and consequently the 

quantity x«H + ~ 1- &c. = AP - AB X 

AP-ACxAP^ADxAP^AE^PBxPCxPD 

X PjB (Art 269); and ga?»+ Aj;*-^ + /i;«-» + See. =g X 
PBxPCxPbxPE^PMxPNxPOxPQ; there- 
fore PBxPCx PDxPE: PMx PNx POxPQ 

::l:g. 

(524.) Cor. If w = 2, the curve is a conic section 
(Art. 501); and ifthe abscissa be a diameter^ er the 
ordinales on each side of it, PM, PO, equal to each 
other, the rectangle under the segments of the ab- 
scissa is to the Square of the ordinale in an invariable 
ratio. 



(525.) Ifthere he n right lifies, BM, CM, DM, ^c. 
and PM, PM, PM, <Sfc. be ordinates to the abscissa 




AP, the relation between the abscissa and ordinates 
'^iU be expressed by an equation of the form y" — 

c + B.y'^-' + CV + Dx + E.y'^-^-^c.=0. 

For 
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For \f AP^x, then PM^ax+b, PH^^cx+d, 

PMssex+Jl &c. where a, 6, c, d, e, y*are invariable 
(Art. 479) ; that is, the vaiues of y are ax -h b, cx+d^ 

€X+Jl &c. thereforey»— a+c+e.,. x x + b + d'\-f...x 
y*" ' + &c. = 0, and if-^=a + c + f...., JB=ft+rf+y...., 
&c. y - Ax+B.y*^"^ -f &c. = O. 

(526.) 7/* a curve have as many asymptotes as it 
has dimensions, and a right line be drawn which cuts 
them allf the parts of the line measured from the 
asymptotes to the curve ^ will together be equal to the 
parts measured, in the same direction^Jrom the curve 
to the asymptotes. 

Let y^ — ax+fey* "■ *+&€.=: O be the equation to 

the curve, andy**— -4a:-f jB.y"'"* + &c. = the equa- 
tion to the asymptotes (Art. 525) ; when x is infinite, 
the former equation becomes y"-axy""''+&c.=rO, 
and the latter y'* — ^ary*'^*+&c.=0, and theseequa« 
tions coincide (Art. 5o6), therefore A^a\ also, ax+b 
is the sum of the ordinates to the curve, and Ax 4- -B, 
or ax + B, is the sum of the ordinates to the asymp- 
totes, in all cases ; hence, the difierence of these, 6 - JB, 
is an invariable quantity, whatever be the value of x; 
and at aa infinite distance this difFerence is nothing 
(Art. 006) ; therefore it is always nothing, or 6 = JB; 
consequently ax+6 = -^a: + jB ; that is, the sum of the 
ordinates to the curve is equal to the sum of the ordi- 
nates to the asymptotes. 

Let Q0iV7l/be the curve, AP the abscissa, PQ an 
Ordinate, meeting the curve in the points M, N, O, Q, 
and the asymptotes in o, i, c, d; then PM -^ 
PiV-hPO + PQ = Pa+PJ+Pc + Prf,andbytrans- 

position 



dOS 
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Position, JPM^Pa + PO- Pc::»Pb^PN+ Pd^ 




PQ, oxaM^cO = Nb+,Qd. 

(6 27.) Cor. In the common hyperbola MCN, 
whose centre is O, and asymptotes Oa, 06, if äny line 




aMNh be drawn cutting the curve in M, N, and the 
asymptotes in a, 6, then aü/ is equal to Nb, 

(528.) Ifa straight line DCM be made to revolve 
ahmt Cy and cut the curve MMM in as many points 
as it hos dimensions ; and if-pn be always taken equal 

to 
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111' 

fo rnrM+ — p— — 5 — Ssc. the locus of the pmnt D 
^^ CM CM 

wiU he a straight luve. 
Let ABP be an abscissa, and from M and D draw 




MP and DB at right angles to -4jBP, and let 

y»_a^+6.y«-' +j7j^-* + ya:«-* + &c.y + P^" + 

Qa:"~* + &c. = O be the eqiiation which represents the 
relation of ^P to PM. Also, let AC=z, CM^v, 
CB=^w, BD:=zu; sin. zil/CP=^,8in. z CMP=c, to 
radius i. Then 1 : ^ :; j; : svzzy j and 1 : c :': w :c«; = 
CP ; hence, x=:^AP=2Z+cv. If these values of a? and 
y be substituted in the equation to the curvCj the rela- 
tion ofAC to CM will be known ; and the coeflScient 
of the last teroi bat one of the transformed equation^ 
davided by the last terra, wHl lie thVsum of the 

reciprocals of it's roots, or 7^+ 



cik cjk 



— &c. 



(Art. 273 ) . Now, since x =5 z + cv, 

w- 1 



i^ 



Äf +iiÄ«-^ct; +«.-— ~«"-Vti* + &c. 



X 



n—t 
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«»-'=«»-' +l^Zl.a"-Vü+7ri.2z:£Ä»-8c«ü» + &c. 

t — — u— 3 

and substituting these values for x and if s powers^ 
and SV for ^, ia the terms of the original equation, we 
have the two last terms of the transformed equation, 

X cv, and Pä*+ Qä"'"*+&c. divided, respectively, by 
^, all the other terms involving the Square or some 
higher power of v ; hence, 

+ — r r-&C'=777;= ' . . o > and ^ x 



^^ Cil^ C7& ' ^'^ x/w>' + w^ 



1 

y- , ^ xPg"+ag"""+&c. 

Also, from the similar triangles MCP, BCD, 
u 

^ V' 






%i • — tP ■ 

therefore ■ ; x »«""'+ ?«" *+ &c. + . , . 



■ f 



X nP^s"-' + w - 1 . Q»^-* + &c. = ^__ - 

Pä'' + Qä" "■' + &€. or wxpÄ"'*' + 5rÄ'*"*-f-&c. +m;x 

«Pä"-'+w^,Qä~""*+&c. = P;s''+Q;5'»-' + &c. and 

since 



t 
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since the point C is fixed^ AC^ or «, is invariable ; 
therefore the relation between w and u, or CB and 
BDj IS expressed by a simple equation, that is^ the 
locus of the point i> is a straight line (Art. 480). 

(539.) In thegeneral equationy*— a + Ajj.y"'"' + &c. 
= 0, if X be so assumed that two roots are impossible^ 
two values of the ordinate belonging to this abscissa 
are iropossible^ that is, there are no lines which re- 
present them. Hence it is evident, that in deducing 
the properties of the ordinales from the equation to 
the curve, we must suppose all the röots of this equa- 
tion possible ; because, though the sums, powers^ pro- 
ducts, &c. of such impossible quantities may become 
poissible, and their relations, discovered by an algebrai- 
cal process, may be expressed by possible quantities, 
yet the reasoning does not extend to curves, in which 
the original quantities cannot be represented. 

On the subject of Algebraical Curves, the Reader 
may consult Dr. Waring's Proprie/a^e^ Algebraicaturn. 
Curvaruntj and Euler*s Anal. Infinitorum. 



THE END. 
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